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Abstract

In this thesis, we are interested in characterizing typical (generic) dimensional properties
of invariant measures associated with the full-shift system, 7', in a product space whose
alphabet is uncountable. More specifically, we show that the set of invariant measures with
upper Hausdorff dimension equal to zero and lower packing dimension equal to infinity is
a dense G subset of M(T'), the space of T-invariant measures endowed with the weak
topology. We also show that the set of invariant measures with upper rate of recurrence
equal to infinity and lower rate of recurrence equal to zero is a dense G4 subset of M(T).
Furthermore, we show that the set of invariant measures with upper quantitative waiting
time indicator equal to infinity and lower quantitative waiting time indicator equal to zero

is also residual in M(T).

For topological dynamical systems with a dense set (in the weak topology) of periodic
measures, we show that a typical invariant measure has, for each ¢ > 0, zero lower ¢-
generalized fractal dimension. This implies, in particular, that a typical invariant measure
has zero upper Hausdorff dimension and zero lower rate of recurrence. Of special interest is
the full-shift system (X, T) (where X = MZ is endowed with a sub-exponential metric and
the alphabet M is a perfect and compact metric space), for which we show that a typical
invariant measure has, for each ¢ > 1, infinite upper g¢-correlation dimension. Under the
same conditions, we show that a typical invariant measure has, for each s € (0,1) and

each ¢ > 1, zero lower s-generalized and infinite upper g-generalized dimensions.

Finally, for measure preserving dynamical systems on metric spaces, we present suf-
ficient conditions involving the upper and lower pointwise dimensions of the measure in
order to obtain upper and lower bounds for its generalized fractal dimensions. We also
obtain an extension of Young’s Theorem [59] involving the generalized fractal dimensions
of the Bowen-Margulis measure of an Axiom A system. Furthermore, for Axiom A sys-
tems, we show that the set of invariant measures with zero correlation dimension, under

a hyperbolic metric, is generic.
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Resumen

En esta tesis, nos interesa caracterizar las propiedades dimensionales tipicas (genéricas)
de medidas invariantes asociadas al sistema de cambio completo (full-shift system), (X, T),
en un espacio producto cuyo alfabeto es no numerable. Se muestra que el conjunto de
medidas invariantes que tienen dimensién de Hausdorff superior cero y dimensién de empa-
quetamiento inferior infinita es un subconjunto Gs-denso de M(T), el espacio de medidas
T-invariantes dotadas con la topologia débil. También se muestra que el conjunto de me-
didas invariantes con tasa de recurrencia superior igual a infinito e inferior igual a cero
es un subconjunto Gs-denso de M(T'). Ademas, se muestra que el conjunto de medidas
invariantes con un indicador de tiempo de espera cuantitativo superior infinito e inferior

cero es residual en M(T).

Para sistemas dindmicos topoldgicos con un conjunto denso de medidas periddicas, se
muestra que una medida invariante tipica tiene, para cada ¢ > 0, g-dimensién fractal
generalizada inferior igual a cero. Esto implica, en particular, que una medida invariante
tipica tiene dimension de Hausdorff superior y tasa de recurrencia inferior iguales a cero.
De especial interés es el sistema de cambio completo (full-shift system), (X,T'), (donde
X = M?% es dotado de una métrica sub-exponencial y M es un espacio métrico perfecto
y compacto), para el cual se muestra que una medida invariante tipica tiene, para cada
q > 1, ¢-dimension de correlacién superior infinita. Bajo las mismas condiciones, una
medida invariante tipica tiene, para cada s € (0,1) y cada ¢ > 1, dimensién inferior

s-generalizada igual a cero y dimensién superior g-generalizada infinita.

Finalmente, para sistemas dinamicos que preservan medidas sobre espacios métricos,
presentamos condiciones suficientes que involucran las dimensiones puntuales superior e
inferior de la medida para obtener limites superiores e inferiores para sus dimensiones
fractales generalizadas. También se obtiene una extensién del Teorema de Young que
involucra las dimensiones fractales generalizadas de la medida de Bowen-Margulis de
un sistema Axioma A. Ademads, para sistemas Axioma A, se muestra que una medida

invariante tipica tiene dimensién de correlacion cero, bajo una métrica hiperbdlica.

vii



INTRODUCTION

Background and State of Art

“The dimension of invariant sets is among the most important characteristics of dy-
namical systems”, as mentioned by Pesin in [42]. Under this premise, the importance
of studying invariant sets of dynamical systems is clear and the dimension theory un-
doubtedly points to this. In this way, this thesis focuses on some dimensional properties
of invariant measures associated with some specific dynamical systems. The information
obtained by these dimensions are used in the characterization of the invariant sets where

these measures are supported.

The classical and intuitive idea of dimension is perhaps what refers to an entire dimen-
sion suitable for Euclidean spaces, known as the typological dimension. This idea can be
traced back, at least, to Poincaré, but it was only around 1922 that Urysohn and Menger
formalised this notion. Naturally, the dimension of a point is zero; the dimension of a line
is 1; the dimension of a plane is 2; the dimension of R? is d (see Definition . However,
the intuitive idea of topological dimension seems to be insufficient when one tries to de-
termine the dimension of certain sets of rather exotic structure which naturally rise, for

example, in the theory of dynamical systems.

Soon after the discovery of such exotic structures, the so-called strange attractors,
they became the focus of attention for many researchers who, among other problems,
tried to obtain relations between the dimensions of these attractors and other invariants
of the dynamical system, such as Lyapunov exponents and entropy (which characterize

instability and stochasticity). Classic examples of these are the Lorenz attractor, the



Smale-Williams solenoid and Smale horseshoe. The latter is an example of a hyperbolic

invariant set whose local topological structure is the product of different Cantor-like sets.

There are several different notions of dimension for more general sets, some easier to
compute and others more convenient in applications. One of them is, and could be said to
be the most popular of all, the Hausdorff dimension, introduced in 1919 by Hausdorff and
also by Caratheodory, which gives a notion of size useful for distinguishing between sets
of zero Lebesgue measure. This notion was widely investigated and widely used, among
others, in the theory of dynamical systems, where many interesting invariant sets have zero

Lebesgue measure, and later in function theory, mainly by Besicovitch and his school.

In 1975, Mandelbrot [33] has also observed the presence of these “strange” sets in some
physical phenomena (as Julia and Mandelbrot sets). He called a set like these fractal,
and defined it vaguely as the set whose Hausdorff dimension is strictly greater than its
topological dimension. Mandelbrot also revealed an important aspect of the qualitative
behavior of dynamical systems: assume that a physical system admits a group of scale
similarities, i.e., that it “reproduces” itself on smaller scales. From a mathematical point
of view, this means that the dynamical system, which describes the physical phenomenon,

possesses invariant sets of a special self-similar structure.

The works of Hausdorff, Besicovitch and Mandelbrot gave shape to a new field in
mathematics called fractal geometry. The results of this theory were widely used in di-
fferent areas of science. Its importance lies in its independence of scaling. The rate of
such scale is quantitatively characterized by a fractal dimension. The interaction of many
individual fractals (often infinite), results in a multifractal, with a much more complicated

topological structure.

Unfortunately, the Hausdorff dimension of relatively simple sets can be very hard to
calculate; besides, the notion of Hausdorff dimension is not completely adapted to the
dynamics per se (for instance, if Z is a periodic orbit, then its Hausdorff dimension is
zero, regardless to whether the orbit is stable, unstable, or neutral). This fact led to
the introduction of other characteristics with which it is possible to estimate the size of

irregular sets. For this reason, some of these quantities were also branded as “dimensions”



(although some of them lack some basic properties satisfied by Hausdorff dimension, such
as o-stability (see [34])). Several good candidates were proposed; among them are the
correlation dimension, the information dimension, the box dimension, entropy dimension,

etc.

From the notion of (Hausdorff) dimension of sets, one may propose the concept of
dimension of a finite measure, namely, as the supreme one among the (Hausdorff) dimen-

sions of the sets with total measure (that is, the upper Hausdorf dimension of a measure;
see Definition .

The importance of the dimension of an invariant measure, one might say, is due to
the fact that, for a dynamical system, the fractal dimensions of an invariant measure
provide more relevant information than the fractal dimensions of its invariant sets, or
even the fractal dimensions of its topological support; the point is that invariant sets
and topological supports usually contain superfluous sets (that is, measurable sets of zero
measure). Thus, by establishing the fractal dimensions of invariant measures, one has
a more precise information about the structure of the relevant sets (that is, the sets of

positive measure) of a dynamical system (see [4) [40], 42] for a more detailed discussion).

Within the known literature, we may highlight the results obtained for hyperbolic er-
godic measures. Eckmann and Ruelle, in [16], discussed the existence of the pointwise
dimensions (see Definition of hyperbolic invariant measures (i.e, measures which are
invariant under diffeomorphisms with non-zero Lyapunov exponents almost everywhere).
This led to the problem of whether a hyperbolic ergodic measure is exact dimensional
(i.e, whether the lower and upper local dimensions coincide almost everywhere; see Defini-
tion [[.8). This problem was later known as the Eckmann-Ruelle conjecture, and has been
recognized as one of the main problems in the interface between the dimension theory and
the dynamical systems theory. Its importance in dimension theory of dynamical systems is

compared to the importance of Shannon-McMillan-Breiman Theorem in Ergodic Theory.

In [59], Young showed that the hyperbolic measures which invariant under surface
diffeomorphisms are exact dimensional, by providing a relation of the local dimensions

involving the metric entropy and the Lyapunov exponents of the system. Later, Ledrappier



[29] extended this relation for general Sinai-Ruelle-Bowen measures. Finally, Eckmann-

Ruelle conjecture was affirmatively answered by Barreira, Pesin and Schmeling in [5].

Hausdorff and Packing dimension of a measure and
topological dimension of a set

The topological dimension of a set X is defined as follows. Let oo = (4;);er be a family
of subsets of X indexed by a set I. For each x € X, let

ordg (o) :==card{i € I |z € A;} — 1.

One says that the quantity ord,(a) € {—1} UNU {oo} is the order of a at the point z.
One defines the (global) order ord(a) € {—1} UN U {oc} of the family o by

ord(a) := sup ord,(a).
reX

Let a = (A;),c; and 8 = (B))
for every j € J, there exists ¢ € I such that B; C A;.

jes be two covers of X. One says that ( is finer than « if|

Definition I.1. Let X be a topological space. Let o = (U;)
X. One defines the quantity D(«) by

ser be a finite open cover of

D(a) := mﬁin ord(5),

where [ runs over all finite open covers of X that are finer than a.

Definition I.2. Let X be a topological space. The topological dimension dim(X) €
{=1} UNU {00} of X is given by dim(X) := sup,, D(«) where « runs over all finite open

covers of X.

In what follows, (X, d) is an arbitrary metric space and B = B(X) is its Borel o-algebra.

Definition 1.3 (radius packing ¢-premeasure, [14]). Let ) # F C X, and let 0 < 0 < 1.

A d-packing of E is a countable collection of disjoint closed balls { B(xy, i)} with centers

4



z € E and radii satisfying 0 < r, < 6/2, for each k € N (the centers x; and radii rj are
considered part of the definition of the d-packing). Given a measurable function ¢, the

radius packing (¢, §)-premeasure of F is given by the law

PY(E) = sup {Z &(2rg) | {B(xg, ) }x is a 6-packing of E} :

k=1

Letting 6 — 0, one gets the so-called radius packing ¢-premeasure

Py (E) = lim P{(F).

One sets PY(0) = P () = 0.

It is worth mentioning that, although open and closed balls in RY possess nice re-
gularity properties (for example, the diameter of a ball is twice its radius, and open and
closed balls of the same radius have the same diameter), this may not be the case in
arbitrary metric spaces. As it was observed by Cutler in [14], the possible absence of such
regularity properties means that the usual measure construction based on diameters can

lead to packing measures with undesirable features (see [14] for the details).

It is easy to see that Pgb is non-negative and monotone. Moreover, Pgb generally fails
to be countably sub-additive. One can, however, build an outer measure from Pf by
applying Munroe’s Method I construction, described both in [36] and [45]. This leads to
the following definition.

Definition 1.4 (radius packing ¢-measure, [I4]). The radius packing ¢-measure of £ C X
is defined to be

P?(E) :inf{ZPg)(Ek) |E C UEk} (1)

The infimum in (1)) is taken over all countable coverings {FE}}, of E. It follows that P is

an outer measure on the subsets of X.

In an analogous fashion, one may define the Hausdorff ¢-measure. The theory of

5



Hausdorff measures in general metric spaces is a well-explored topic; see, for example, the

treatise by Rogers [45].

Definition 1.5 (Hausdorff ¢-measure, [14]). For £ C X, the outer measure H?(E) is
defined by

H?(E) = clsi_r{(l) inf {Z o(diam(Ey)) | {Ex}x is a d-covering of E} , (2)

k=1

where a d-covering of E is any countable collection {FE}}, of subsets of X such that,
for each kK € N, E C (), £} and diam(Ej) < 6. If no such d-covering exists, one sets
H?(E) = inf ) = .

Of special interest is the situation where given a > 0, one sets ¢(t) = t*. In this
case, one uses the notation P, and refers to F§'(E) as the a-packing premeasure of FE.
Similarly, one uses the notation P*(E) for the packing a-measure of £, and H%(F) for

the Hausdorfl a-measure of E.

Definition I.6 (Hausdorff and packing dimensions of a set, [14]). Let F C X. One defines
the Hausdorff (packing) dimension of E as the critical point

dimg(E) = inf{a>0| HYE) =0}
dimp(E) = inf{a>0|P*(E)=0}.

We note that dimg (X) or dimp(X) may be infinite for some metric space X. One can
show that, for each £ C X, dimy(F) < dimp(F) (see Theorem 3.11(h) in [14]), and this

inequality is in general strict.

Definition 1.7 (lower and upper packing and Hausdorff dimensions of a measure,[34]).
Let p be a positive Borel measure on (X, ). The lower and upper packing and Hausdorff

dimension of p are defined, respectively, by

dimpg () = inf{dimg(E) | u(E) >0, E € B},
dimf () = inf{dimg(E)|u(X\ E)=0, E € B},

6



where K stands for H (Hausdorff) or P (packing).

Example 1.1 (Skew tent map, see [57]). Consider the unit interval I = [0, 1], and for
each A € (0,1), define fy : I — I by the law

ZL’/)\ ,Zf 276[0,)\],

MO =9 0oy if sendl

Let ¢\ = {lo, 1} = {[0, A], (A, 1]} be the natural partition associated with the map f\. For
any (jo,...,Jn) € {0,1}", define a cylinder I, . ;. by

.....

[jo J :[joﬂf/(ljjlﬂ"'mf;nlj

----- n n*

Now, for each p € (0,1), there exists a unique fy-invariant measure p, such that

tip(Lo,...5,) = p™ (1 — p)n‘i’lfm,

where m = card{k | jr = 0} is the number of zeros in the symbolic representation of
In fact, p, is the projection of the Bernoulli (or the product) measure with
probabilities p and 1 — p, defined on the set of all infinite sequences of 0’s and 1’s, onto
the unit interval. Note that the topological support of i, is the whole interval [0, 1]. The

Hausdorff dimension of the measure y, is given by the following formula (see [17])

. plogp + (1 —p)log(l — p)
d - :
i (4y) plog A+ (1 —p)log(l — )

One has dimy(p,) = 1 if and only if p = X (in this case, the measure y, is the Lebesgue

measure on /).

Definition I.8. Let i be a positive finite Borel measure over an arbitrary metric space

X. One defines the upper and lower local dimensions of p at point z € X by

- 1 B 1 B
3,(0) = imsup ogul(og(gxﬁ)) and d,(x) = limint ogul(og(gx,&“))

Y

if, for each ¢ > 0, u(B(z;¢)) > 0; if not, @H(m) = +o00. If the limit exists, one says that

7



the measure has local dimension d,,(z) at the point . One says that the measure p is

exact dimensional if d,(z) = d,(z) = d,(z) = dim7; (1), p-a.e.

Definition 1.9 ([I7]). Let F' C R". Define N(F, ) to be the least number of balls of radius
0 required to cover F'. The interpretation of this measure is an indication of how irregular
or spread out the set is when examined at scale 6. The upper and lower box-counting

dimensions are defined as

log N(F.§
dimgF = hmho—og—lo(g(;)
_ — logN(F.§
JmpF = 1im5%0°g_T(g(’5)

Remark I.1.

i) In Euclidean spaces (like R™), the packing and the box counting dimensions of sets are
related (see [I7, 42]); namely, one has dimp(F) < dimp(F). One can also relate the

packing and the upper box counting dimension of a Borel probability measure p over R":

dimp(p) = %ii%inf{dimp(F) | (W(F) >1-60} < (lsiil%inf{di_mB(F) | W(F) > 16} =: dimp(u).

ii) One can also relate the Hausdorff and the upper and lower box counting dimensions of

a probability measure p in R™ (see [42]):

dimp (p) < dimp (1) < dimp (p).

iii) Let X be a complete separable metric space of finite multiplicity (finite topological
dimension) and let p be a Borel finite measure on X. If d (v) = d,(z) = d for p-a.e.

r € X, then dimy(u) = dimp(p) = dimg(p) = dimp(u) = d (see [42]).

Example 1.2 (see Proposition 1.1, Proposition 1.3 and Theorem 1.5 in [47]).

1) Let f: S' — S' (S' = R/Z) be a circle homeomorphism given by f,(z) = (r+a) mod 1,

with a € Q, and let p be an f-ergodic invariant measure. Then, d,(z) = 0 for p-a.e x € S*.



2) Circle diffeomorphisms with an irrational rotation number are uniquely ergodic. In this
case, the properties of the invariant measure depend on how well the irrational rotation
number can be approximated by rational numbers. The numbers that cannot be rapidly
approximated by rationals are called Diophantine. Namely, a number 7 is called Diophan-
tine if there exist § > 0 and K > 0 such that |7 — p/q| > K/|q|*"® for any integers p
and q.

Let f be a C* circle diffeomorphism with a Diophantine rotation number, and let u be

its unique invariant measure. Then,

(i) du(x) =1 for every z in St
(i)  dimp(p) = dimp(p) = 1.

3) A more interesting situation occurs when the rotation number is Liouville; an irrational
number 7 is called a Liouville number if for any n > 1 there exist integers p and ¢ > 1,
such that |7 —p/q| < 1/¢".

Let 7 be a Liouville number and let 0 < 3 < 1. There exists a C'*° circle diffeomorphism

f with rotation number 7 such that

(i) d,(z) = 8 and d,,(z) = 1 for y -almost every z in S* ;
(i) dimyg p = F and dimp p = 1;

here, u stands for the unique f-invariant measure.
The next result presents a characterization of the lower (upper) Hausdorff and the
lower (upper) packing dimensions of a probability Borel measure p defined on a general

metric space X in terms of the essential infimum (supremum) of its lower and upper local

dimensions, respectively.

Proposition 1.1. Let p be a probability measure on a metric space X. Then,

p-essinfd, (r) = dimy (1) < p-esssupd, (v) = dimy; (1),

p-essinf d,(z) = dimp(p) < p-esssupd,(z) = dimp(u).



Proof. See Appendix A. n

Poincaré’s Recurrence (rates of recurrence: a quanti-
tative description)

In what follows, (X, T) is a dynamical system such that (X,d) is a separable metric
space, B(X) is the Borel o-algebra of X and T': X — X is a measurable map. Let us

recall some basic definitions.

Definition I.10. Let u be a probability measure defined on the measurable space (X, B(X)).
One says that p is T-invariant if u(7T~(B)) = u(B) for each B € B(X). One denotes the

set of T-invariant measures by M(T).

Definition I.11. Let u be a probability measure defined on the measurable space (X, B(X)).
The system (T, ) is called ergodic if p € M(T) and if T-'(B) = B, then u(B) = 0 or
p(B) = 1. One denotes the set of ergodic measures by M. (7).

One of the main problems studied in this work refers to a quantitative description of
the recurrence phenomenon for a dynamical system. The recurrence problem was initially
studied by Poincaré, who “stated that any dynamical system preserving a finite invariant
measure exhibits a non-trivial recurrence to each set of positive measure”, as mentioned

by Barreira and Saussol in [6] (an information of qualitative nature).

Theorem 1.1 (Poincaré’s Recurrence Theorem). Let p € M(T), and let A € B(X) be
such that u(A) > 0. Then, for p-a.e. x € A, card{n >0 |T"z € A} = cc.

This result tells us that the orbit of almost every point of A returns to A at least
once (actually, it returns to A infinitely many times). It, nevertheless, does not give us
any information about the first return time to A. On the other hand, Birkhoff’s Ergodic
Theorem states that, for almost every z € A, the frequency at which the orbit of x visits

A is equal to p(A).

10



Definition 1.12. Let (X,7T) be a dynamical system, let A € B(X) and let z € A. One
defines the first return time of x to A by

Ta(x) :=inf{n > 0:T"x € A}.

A more accurate result than Poincaré’s Recurrence Theorem is Ka¢’s Theorem (more
commonly known as Ka¢’s Lemma), which proves that in the case where the measure is

ergodic, the mean of the return time to A is equal to the inverse of the measure of A.
Theorem 1.2 (Kac¢’s Theorem [27]). Let p € M (T), and let A € B(X) be such that
w(A) > 0. Then,

1
1(A)

1
/ATA(x)du(x) = A

We are particularly interested in the determination of the returning rates of a given
point to an arbitrarily small neighborhood of itself. Boshernitzan [9] proved a quantitative
result linking the first return time to balls of small radii to the Hausdorff measure of the
respective invariant measure. We note that Boshernitzan’s Theorem can be reformulated

in terms of the return time to balls (see [6]).

Theorem 1.3 (Boshernitzan [9]). Let (X,T) be a dynamical system, and assume that for
a > 0, the Hausdorff a-measure H* is o-finite on X. Then, for H*-a.e. x € X, one has

n—0o0

1
liminf{n’d(z, T"2)} < 00, with B = —.
a
If, furthermore, H*(X) = 0, then for H*-a.e. x € X,

liminf{n’d(z, T"2)} = 0.

n—oo

Following the idea of Boshernitzan, Barreira and Saussol [6] studied the typical (with
respect to an invariant measure) asymptotic behavior of the polynomial returning rates to
a ball which radius tends to zero, and showed that they were related to the local dimensions

of this invariant measure (see also [2 [7, 25] for further motivations).

11



Definition 1.13. Let £ € X and let r > 0. One defines the first return time of = to
B(z,7) by the law

7.(z) = inf{k € N | T*z € B(x,r)},
and the lower and upper returning rates at = by

- 1
E(;p) = lim inf M and R(.ﬁl}) — lim sup 0og TT('I> )
r=0 —logr r—0  —logr

Theorem 1.4 (Barreira-Saussol [0]). If T : X — X is a Borel measurable transformation,
where X is a separable metric space, and if u € M(T), then R(z) < dim},(u) for p-a.e.
reX.

Theorem 1.5 (Barreira-Saussol [0]). If T : X — X is a Borel measurable transformation

on a measurable set X C R%, d € N, and if u € M(T), then
R@) <d,() and R) <),

for p-a.e. v € X.

Later, Saussol has showen in [4§] that, under the hypotheses that T is a Lipschitz
transformation, h,(7") > 0 (see Appendix B for the definition of the metric entropy of a
system) and that the decay of the correlations of (X, T, ) is super-polynomial, R(z) =
d,(z), and R(z) = d,(z) for p-ae. z € X.

In this work, we present some results, for M-valued discrete stationary stochastic

processes (see Definition|[.18)), relating R and d,, (namely, Theorem [1.1/and Corollary [1.1)).
"

Another dynamical aspect of M-valued discrete stationary stochastic processes that is
explored in this work refers to the quantitative waiting time indicators, defined by Galatolo

in [20] as follows:

Definition I.14. Let 2,y € X and let r > 0. The first entrance time of O(x) := {T"z |
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i € N}, the T-orbit of x, into the closed ball B(y,r) is given by
7.(z,y) = min{n € N | T"(x) € B(y,r)}.

Naturally, 7,(x, ) is just the first return time into the closed ball B(x,r). The so-called

quantitative waiting time indicators are defined as

]. T 9 = . l r s
R(x,y) = liminf log 7, (2, y) and R(z,y) = limsup og 7 (z ?J)
r0 —logr r—0 —logr

Suppose that u € M(T) # 0. Then, Theorem 4 in [20] states that, for each fixed
y € X, one has

R(z,y) > d,(y) and R(z,y) > d,u(y) for p-a.e. v € X. (3)

Furthermore, even if p is only a probability measure on X, Theorem 10 in [20] states

that for each 2 € X, one has R(z,y) > d,,(y) and R(z,y) > d,(y) for p-ae. y € X.

Generalized fractal and correlation dimensions

As was mentioned, the Hausdorff dimension gives an information that may not be
sufficient to capture the dynamical fine behaviour of the system. Thus, in order to obtain
relevant information about dynamics, one should consider not only the geometry of the
set Z, but also the distribution of points on Z under T'. That is, one should be interested
in how often a given point z € Z visits a fixed subset Y C Z under T'. If u is an ergodic
measure for which p(Y’) > 0, then for a typical point z € Z, the average number of visits
is equal to u(Y). Thus, the orbit distribution is completely determined by the measure p.
On the other hand, the measure 1 is completely specified by the distribution of a typical
orbit.

This fact is widely used in the numerical study of dynamical systems where the dis-

tributions are, in general, non-uniform and have a clearly visible fine-scaled interwoven
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structure of hot and cold spots, that is, regions where the frequency of visitations is either
much greater than average or much less than average respectively. The distribution of
hot and cold spots varies with the scale: if a small piece of the invariant set is magnified

another picture of hot and cold spots can be seen.

In this direction, the so-called correlation dimension of a probability measure was
introduced by Grassberger, Procaccia and Hentschel [22] in an attempt to produce a
characteristic of a dynamical system that captures information about the global behavior

of typical (with respect to an invariant measure) trajectories by observing only one them.

This dimension plays an important role in the numerical investigation of different
dynamical systems, including those which present strange attractors. The formal definition

is as follows (see [40], 411, [42]):

Definition 1.15. Let (X,r) be a complete and separable (Polish) metric space, and let
T : X — X be a continuous mapping. Given x € X, ¢ > 0 and n € N, one defines the
correlation sum of order ¢ € N\ {1} (specified by the points {T%(x)}, i =1,...,n) by

1 , .

Cy(z,n,6) = - card {(i; - --i) € {0,1,--- ,n}? | r(T%(x), T"(z)) < e for any 0<j,1<gq},
n

where card A is the cardinality of the set A. Given z € X, one defines (when the limit

n — oo exists) the quantities

1 logCy(w,m,e) . 1
Qq(ﬁ)—q_l%ggf{}ow ag(z) =

S log C
Tim lim —e~ahe) o2, €)
q — le=0n—oo log(g)

(4)

the so-called lower and upper correlation dimensions of order q at the point x or the lower
and the upper g-correlation dimensions at x. If the limit ¢ — 0 exists, we denote it by «,,
the so-called g-correlation dimension at x. In this case, if n is large and ¢ is small, one
has the asymptotic relation

Cylz,n,e) ~ .

Cy(z,n,e) gives an account of how the orbit of z, truncated at time n, “folds” into
an e-neighborhood of itself; the larger Cy(x,n, <), the more “tight” this truncated orbit

is. a,(z) and @,(z) are, respectively, the lower and upper growing rates of Cy(z,n,¢) as
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n — oo and € — 0 (in this order).

Let X be a general metric space and let . be a Borel probability measure on X. For
g € R\{1} and € € (0,1), one defines the so-called energy function I.(q,e) : M — (0, +o<]
by the law

L(g.e) = / (B2 ), (5)

where supp(u) is the topological support of p.

The next result shows that the two previous definitions are intimately related.

Theorem 1.6 (Pesin [41] 42]). Let X be a Polish metric space, assume that p is ergodic
and let ¢ € N\ {1}. Then, there exists a set Z C X of full p-measure such that, for each
R,n >0 and each x € Z, there exists an N = N(z,n, R) € N such that

\Cq(a:,n,s) - Iu(q,g)] S n
holds for each n > N and each 0 < ¢ < R. In other words, Cy(z,n,€) tends to 1,(q,¢)

when n — 0o for p-almost every x € X, uniformly over ¢ € (0, R].

Definition 1.16 (Generalized fractal dimensions). Let X be a general metric space, let p
be a Borel probability measure on X, and let ¢ € (0,00) \ {1}. The so-called upper and

lower ¢-generalized fractal dimensions of i are defined, respectively, as

D () = limsup 282 LE) g D) = timjng 108 Le(@:9)
o (g=1)loge g elo (¢—1)loge
For ¢ = 1, one defines the so-called upper and lower entropy dimensions (see [4] for

a discussion about the connection between entropy dimensions and Rényi information

dimensions), respectively, as

log u(B(z,e))du(x
Dy (1) = limsup Jousot (B(a, £))dul)
<10 loge

’

D(1) — lim uf Jewon 08 HB@ ()
' el0 log e .
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Example 1.3 (see [57] and Example[[.1)). Consider again the skew tent map, with A = 1/2
and p,, for p € (0,1), as in Example Assume also that p > 1/2. Using the natural
partition ¢ = {ly, [} = {[0,1/2],(1/2, 1]}, one can show by a direct computation that the

generalized upper and lower dimensions are

1 log(p?+ (1 —p)9)

_plogp+ (1 —p)log(1 —p)
qg—1 log 2 '

log 2

D¥(q) = - Cq#1, and DE(1) =

Some useful relations involving the generalized fractal, Hausdorff and packing dimen-
sions of a probability measure are given by the following inequalities, which combine
Propositions 4.1 and 4.2 in [4] with Proposition (although Propositions 4.1 and 4.2
in [4] were originally proved for probability measures defined on R, one can extend them

to probability measures defined on a general metric space X; see also [46]).

Proposition 1.2 ([4, [46]). Let u be a Borel probability measure over X, let ¢ > 1 and let
0<s<1. Then,

Moreover, Dy (q) < D;;(1) < Dii(s).

Contributions and organization of the
present thesis

In this work, we are interested in the characterization of some typical (in Baire’s
sense) dimensional properties of invariant measures, where the set of invariant measures
is endowed with the weak topology. We start with shift-type systems, for which, as will
be seen, the chaotic dynamics is associated with some rather exotic invariant measures.

Later, we also study dimensional properties of invariant measures for other dynamical
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systems, such as Axiom A systems.

Recall that a subset R of a topological space X is residual if it contains the intersection
of a countable family, {Ux}, of open and dense subsets of X. A topological space X is a
Baire space if every residual subset of X is dense in X. By the Baire Category Theorem,

every complete metric space is a Baire space.

Definition 1.17. A property P is said to be generic in the space X if there exists a residual
subset R of X such that each x € R satisfies property P.

Note that, given a countable family of generic properties Py, Py, -- -, all of them are
simultaneously generic in X. This is because the family of residual sets is closed under

countable intersections.

Hausdorff and packing dimension - rates of recurrence

Let (M, p) be a complete separable (Polish) metric space, and let S be its o-algebra of
Borel sets. Now, define (X, B) as the bilateral product of a countable number of copies of
(M, S). Note that B coincides with the o-algebra of the Borel sets in the product topology.
Let d be any metric in X = MZ% which is compatible with the product topology (that is, d
induces an equivalent topology). It is straightforward to show that (X, d) is also a Polish

metric space.
One can define in X the so-called full-shift operator, T', by the action
Ty =1y,

where v = (..., 2 _py .o Ty o), Y= (oo, Yny oy Yn, - - ), and for each i € Z, y; = ;1.
T is clearly a homeomorphism of X into itself. We choose d in such a way that T and 7!

are Lipschitz transformations; set, for instance, for each x,y € X,

1 Ty Yn
d(z,y) = I;Oﬁ%- (6)
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Let M(T) be the space of all T-invariant probability measures, endowed with the weak
topology (that is the coarsest topology for which the net {1, } converges to p if, and only
if, for each bounded and continuous function f, [ fdu, — [ fdu). Since X is Polish,
M(T) is also a Polish metrizable space (see [15]).

Definition I.18. Given u € M(T), the triple (X, 7, u) is called an M-valued discrete
stationary stochastic process (see [39, 51, [53]; see also [19] for a discussion of the role of

such systems in the study of continuous self-maps over general metric spaces).

In Chapter I we obtain several results, compiled in Theorem (items I-VIII), where
we characterize typical (generic) dimensional properties of invariant measures associated
with an M-valued discrete stationary stochastic process, for M a perfect and separable
metric space. More specifically, we show that the set of invariant measures with upper
Hausdorff dimension equal to zero and lower packing dimension equal to infinity is a dense
G5 subset of M(T). We also show that the set of invariant measures with upper rate of
recurrence equal to infinity and lower rate of recurrence equal to zero is a G5 subset of
M(T). Furthermore, we show that the set of invariant measures with upper quantitative
waiting time indicator equal to infinity and lower quantitative waiting time indicator equal

to zero is residual in M(T).

Generalized fractal and correlation dimension - rates
of recurrence

In Chapter II we show that, for topological dynamical systems with a dense set (in
the weak topology) of periodic measures, a typical (in Baire’s sense) invariant measure
has, for each ¢ > 0, zero lower ¢-generalized fractal dimension. This implies, in particular,
that a typical invariant measure has zero upper Hausdorff dimension and zero lower rate of
recurrence. Of special interest is the M-valued discrete stationary stochastic process (for
the case where X = M7 is endowed with a sub-exponential metric and the alphabet M is
a perfect and compact metric space), for which we show that a typical invariant measure
has, for each ¢ > 1, infinite upper g-correlation dimension. Under the same conditions, we

show that a typical invariant measure has, for each s € (0,1) and each ¢ > 1, zero lower
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s-generalized and infinite upper ¢-generalized dimensions.

More specifically, we show in Section that for each s € (0,1) and each ¢ > 1,
both D := {u € M | d;(s) = 0} (see Proposition for a definition of d,(s)) and
CD = {p€ M| D;(q) = +oo} are G sets. In Section , we show that these sets are
dense in M(T).

Axiom A systems and expansive homeomorphisms

We are also interested in dimensional properties of invariant measures for Axiom A

systems and expansive homeomorphisms.

Suppose that M is a compact C*° Riemannian manifold, and that f : M — M is a
diffeomorphism. Then, the derivative of f can be seen as a map df : TM — T M, where
TM = UxeM T, M is the tangent bundle of M and df, : T, M — Ty M.

Definition 1.19. A closed subset A C M is said to be hyperbolic if f(A) = A, and if each
tangent space T, M, x € A, can be written as a direct sum 7, M = E* ® E; of subspaces

so that

(a) dfe (E3) = B}y, dfe (BY) = EY

(b) there exist constants ¢ > 0 and A € (0,1) so that
ldfz ()l < eA*[lollifv e B, n >0,

and

de;”(v)“ <] ifve EY, n>0;

(c) E2, E¥ vary continuously with x.
A point x € M is said to be non-wandering if, for each neighborhood U of x,

vnlJrru 0.

n>0
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The set Q = Q(f) of all non-wandering points is closed and f-invariant. A point = is

periodic if f"x = x for some n > 0; clearly, each periodic point belongs to (2.

Definition 1.20. f is called an Axiom A diffeomorphism if €2 is a hyperbolic set and the

set of periodic points is dense in €.

Remark 1.2. Smale’s Spectral Decomposition Theorem (see [55]) states that if f satisfies
the Axiom A conditions, then one can write 2 = Q; U --- 8y, where the €); are disjoint
closed f-invariant sets and f [, is topologically transitive. In what follows, let T": X — X,

where X 1=, and T := f [g,; the dynamical system (7', X) will be called an Axiom A

system.

Let us recall the definition of an expansive map.

Definition 1.21. Let X be a metrizable space and let f : X — X be a homeomorphism.
f is said to be expansive if there exists a 6 > 0 such that, for each pair of different points
x,y € X, there exists an n € Z such that d(f™(x), f*(y)) > 0, where d is any metric which
induces the topology of X.

Note that expansivity, defined in Definition [[.21] is a topological notion, i.e., it does
not depend on the choice of a particular metric under consideration (compatible with the

topology, of course), although the expansivity constant § may depend on d.

Remark 1.3. Equivalently, f is expansive if there exists a 6 > 0 such that, for each x € X,
['(0(x)) = {z}, where

L(6(x) = {y € X :d(f'(2), ['(y)) < ,Vi € Z}.

At last, we recall the definition of an f-homogeneous measure and present some exam-

ples of such measures.

Definition 1.22. Let f be a continuous transformation of a compact metric space (X, d).
A Borel probability measure p on X is said to be f-homogeneous if for each € > 0, there

exist 0 > 0 and ¢ > 0 such that, for each n € N and each z,y € X,

u(B(y,n,0)) < cu(B(z,n,e)), (7)
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where B(z,n,e) :={y € X | d(fi(z), f’(y)) <&, Vi =0,...,n} is the Bowen ball of size

n and radius €, centered at x.

In Chapter III we present, under some hypotheses over the local dimensions of Borel
probability measures over compact metric spaces, upper and lower bound to the generalized
fractal dimensions of such measures. Based on this result, we show a version of Young’s
Theorem for the generalized fractal dimensions of homogeneous measures of C1*t2-Axiom
A systems (a > 0). Furthermore, for Axiom A systems, we show that the set of invariant
measures with zero correlation dimension is a generic set in the set of all invariant measures,

under a hyperbolic metric.

Finally, in Appendix A we give the proof of Proposition [[.1] In Appendix B-E we
present some basic results and definitions which are necessary for the good understanding

of this thesis.
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CHAPTER 1

GENERIC PROPERTIES OF INVARIANT
MEASURES OF FULL-SHIFT SYSTEMS OVER
PERFECT SEPARABLE METRIC SPACES

Some generic properties (in Baire’s sense; see Definition of the invariant measures
of the M-valued discrete stationary stochastic processes presented in Definition like
ergodicity and zero entropy (this one in case M = R), have been studied by Parthasarathy
in [39] and Sigmund in [51), 53], respectively. In the last decade, various studies about the
full-shift system over an uncountable alphabet have been performed; more specifically, we
can mention the works about the Gibbs state in Ergodic Optimization [3], entropy and the
variational principle for one-dimensional lattice systems [32]. All results in this Chapter

appear in our article published in Stochastic and Dynamics [12], in January 2021.

We begin this chapter making some comments and observations about the results

obtained here, including their dynamical and topological consequences. The proof of

Theorem [I.1] is presented in Sections [I.1] and [I.2]

Theorem 1.1. Let (X, T,B) be the full-shift dynamical system over X = [["2° M, where
the alphabet M is a perfect and separable metric space. Then:
I. The set of ergodic measures, M, is residual in M(T).
II. The set of invariant measures with full support, Cx, is a dense G subset of M(T).
1. The set HD = { € M(T) | dim}; () = 0} is a dense G5 subset of M(T).
IV. The set PD = {u € M(T) | dimp(u) = +00} is a dense Gs subset of M(T).
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V. The set R ={p € M(T) | R(x) =0, for p-a.e.x} is a dense Gs subset of M(T).
VI. The set R = {u € M(T) | R(z) = +o0, for u-a.e.x} is a dense G4 subset of M(T).

VII. The set Z = {u € M(T) | R(z,y) =0, for (u x p)-a.e.(x,y) € X x X} is a dense
Gy subset of M(T).

VIIL. The set # = {u € M(T) | R(x,y) = 400, for (u x p)-a.e.(z,y) € X x X} is
residual in M(T).

Item I was proved by Oxtoby in [38] and Parthasarathy in [39], using the fact that the
set of T-periodic or T-closed orbit measures (that is, measures of the form é Zf:gl Orig(*),
where x is a T-periodic point of period k) is dense in M(T"). Sigmund has proved item II
in [53] (see also [I5]). We have opted to include these results in Theorem (the proofs
of some of these results, among others, are presented in Appendix @ since they are used

in the proofs of items III-VIII, which comprise our main contributions to the problem.

As a direct consequence of Theorem [I.1] we have obtained for typical ergodic measures,
that is, for p € RD =R N R N PDN HD, some relations between R and E# which are

similar to those obtained by Saussol and Barreira (see [6] and [49]).

Corollary 1.1. Let M be a compact and perfect metric space, and let p € RD C M (T).
Then, R(z) = d,(z) =0 and R(z) = d,(z) = oo, for p-a.e. x € X.

It follows from items III and IV in Theorem that there exists a dense Gy set,
D := PDNHD C M.T), such that each u € D is somewhat similar, in one hand,
to a “uniformly distributed” measure, whose lower packing dimension is maximal (for
instance, when X = [0,1])%, the shift Bernoulli measure A = th A, where X is the
Lebesgue measure on [0, 1], is an uniformly distributed measure, whose lower packing
dimension is infinite) and in the other hand, to a purely point measure, whose upper

Hausdorff dimension is zero.

Moreover, by Definition , each y € D is supported on a Borel set Z = Z(u) such that
dimyep(Z) < dimpy(Z) = 0 < dimp(Z) = oo, where dimy,,(Z) stands for the topological
dimension of Z (see, [26] Sect. 4, page 107, for a proof of the inequality dimy,,(Z) <
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dimp (Z); see also Definition [[.2). Since dimy,,(Z) = 0, if one also assumes that supp(p) =
X (just take u € Cx(T) ND), one concludes that Z is a dense and totally disconnected

set in X with zero Hausdorff and infinite packing dimensions. Furthermore, one may take

Z as a dense G4 subset of X (see Proposition [L.7).

Remark 1.1. It is worth noting that although the packing dimension of X is infinite
(since, for each u € D, dimp(Z) = o), its topological dimension may be finite. This is
not unexpected, altogether: there are examples of topological spaces where dimp(X) >
dimy,,(X). Indeed, let o be the full-shift on the space 3, = {0,1,...,p— 1}Z of two-sided
infinite sequences of symbols 0,1,...,p — 1. We assume that X, is endowed with the

standard metric

o0

p(w,0®) = 37

1=—00

wi(l) B wi(z)

all

where a > 1. Then, for any o-invariant measure p on ¥, and p-a.e. x € ¥,

Thus, one has dimp(%,) > dimp(p) = 342 > dimy,,(%,) = 0.

Items V and VI in Theorem say that there exists a dense Gy set, R := RNR C
M. (T), of ergodic measures such that if g € R, then there exists a Borel set Z, with
w(Z) =1, so that if # € Z, then R(x) = 0 and R(z) = oo. This means that given a very
large a and a very small 3, for each x € Z, one has R(z) < 8 and R(z) > a. So, there
exist sequences (g;) and (o) converging to zero such that, for each k,l € N, 7., (z) < &;,”
and 7,,(x) > o, %, respectively. Setting, for each k,l € N, s, = 1/¢; and t; = 1/0y, one
has 715, () < sY and T, (2) > 17, respectively.

Therefore, given x € Z, there exists a time sequence (time scale) for which the first
incidence of O(z) to one of its spherical neighborhoods (which depend on time) occurs
as fast as possible (that is, it is of order 1; this means that the first return time to those
neighborhoods increases sub-polynomially fast); accordingly, there exists a time sequence
for which the first incidence of O(x) to one of its spherical neighborhoods increases as fast

as possible (that is, super-polynomially fast).
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The following scheme tries to depict how subsequent elements of both sequences are

related. Between to consecutive elements of (0% ), there are several elements of (g):

i
ST T

3

Here, we also show that the typical measures described in Theorem [I.1| are supported

on the dense Gs set R = {r € X | R(z) = 0 and R(z) = oo} (Proposition [1.11]).

Finally, combining items II, VII and VIII of Theorem [I.I} one concludes that for a
typical measure u € Z NZ N Cx(T), almost every T-orbit O(x) densely fills the whole
space (given that p is supported on a dense subset of X and R(x,y) = 0 for (u x p)-
a.e (z,y) € X x X), but not in a homogeneous fashion. Namely, as in the previous
analysis, there exists a time scale for which the first entrance time of O(z) to one of the
spherical neighborhoods (which depend on time) of y is of order 1; accordingly, there
exists a time sequence for which the first entrance time of the O(z) to one of the spherical
neighborhoods of y increases as fast as possible. Naturally, these time scales depend on
the pair (z,y) € X x X.

Remark 1.2.

i) It is true that the sets defined in items III to VIII of Theorem are G subsets
of M(T') for any topological dynamical system (X, 7T )D such that X is Polish and
both T, T~ are Lipshitz transformations (this is particularly true for Axiom A
systems on smooth compact Riemannian n-manifolds, (M, T'), where f : M — M
is a diffeomorphism: it is possible to show that both f and f~! are Lipschitz with

respect to the natural the Riemannian metric; see Theorem 5.1 in [I§]).

ii) It is also true that the sets defined in items III, V and VII of Theorem [1.1|are dense in
M(T) for any topological dynamical system (X, T") such that X is a separable metric

!By a topological dynamical system we understand a pair (X, 7T') such that X is a Polish metric space
and T : X — X is a continuous transformation.
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space and the set of T-periodic measures is dense in M(T). This is particularly
true for any system satisfying the specification property (see [53] for a proof of this
proposition and examples of systems that satisfy this property; see also [43] and
Appendix [B for the definition of this property), or even milder conditions (see |21,

241, 28, 130, [3T] for a broader discussion involving such conditions).

iii) Since the Axiom A systems described in Introduction also have a dense set of T-
periodic measures (here, X stands for a closed f-invariant set and 7' := f | X is
topologically transitive; see [50]), one may combine both properties and obtain the

following result.

Theorem 1.2. Let (X, T) be an Aziom A system as described in Introduction. Then, the
set {p € MT) | R(x,y) =0, for (ux p)-a.e. (x,y) € X x X} is a dense Gs subset of
M@-

iv) The hypothesis that the alphabet M is perfect is crucial for items IV and VI of
Theorem [I.I] Namely, the fact that M does not have isolated points is required
to guarantee that one can always choose the periodic point = of period s in the
statement of Lemma so that x; # x; if « # j, 1 < 4,5 < s. This result, whose
proof relies on the product structure of X, is required in the proof of Proposition [2.7]
which in turn guarantees that the sets presented in items IV and VI of Theorem
are dense. Indeed, our strategy depends on the fact that the set of ergodic measures
with arbitrarily large entropy is dense in M(T'); here, we explicitly use the fact
that the lower packing dimension of an ergodic measure is lower bounded by (up to

a constant) its entropy (see Lemma .
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1.1 Sets of ergodic measures with zero Hausdorff and

infinity packing dimensions

1.1.1 Gy sets

Let M(X) (with simple notation M) be the space of probability measures defined on the
measurable space (X, B(X)), endowed with the topology of the weak convergence. Let,
for each x € X and each ¢ > 0,

1 if d(z,y) <e,
Xp@e (Y) =
0 ,if d(z,y)>e,

and note that for each p € M, p(B(z,¢€)) = [ XB(.e)(v)du(y). Since, for each x € X and
eache > 0, x Bz - X — [0, 1] is not necessarily continuous, one needs to approximate, for
each € > 0, the mapping M X X > (u,z) — p(B(z,¢)) € [0,1] (in the product topology

of M x X)) by a continuous one. This motivates the follows results.

The first one gives a continuous approximation of the characteristic function of the

ball of center x and radius «.

Lemma 1.1. Define, for each x € X and each € > 0, the application fS : X — [0,1] by
the law

;

1 if o dzy) <k,
e d(z, :
s = -0y ey <o
0 Jif o d(z,y) > 2e.

\
Given any n > 0, there ezists 6 > 0 such that if d(w,z) < 9, then |f5(y) — fe(y)| < n for
ally € X. In particular, if {x,} is a sequence in X with limit x € X, then the sequence

of functions {f; } converges uniformly to f over X.
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Proof. The proof is split in three cases:

CASE 1: Let y € X be such that d(z,y) < ¢ and:

a) d(w,y) < e. In this case, one has |f:(y) — fi(y)| = 0, and one can take any § > 0.

b) € < d(w,y) < 2e. For this case, one has | 5 (y)— f2(y)| = M—l. In order to obtain
M — 1 < n, just take d(w, x) < en. Thus, d(w,y) < d(w,x) + d(z,y) < en+e.

¢) d(w,y) > 2e. This case is impossible; let d(x,w) < £/2 and note that 2¢ < d(w,y) <
d(w,x) +d(z,y) < €/2+ €, an absurd.

Thus, in this case, just set 6 = emin{1/2,n}.
CASE 2: Let y € X be such that ¢ < d(z,y) < 2¢ and:

— —d(’;’y) — 1. In order to obtain

a) d(w,y) < e. In this case, one has |fS(y) — fi(y)
dev) _ 1 <, just let d(w,z) < en. Thus, d(z,y) < d(w, z) + d(w,y) < en +&.

£

b) ¢ < d(w,y) < 2e. In this case, one has |f5(y) — fi(y)| = L|d(w,y) — d(z,y)|.
In order to obtain %]d(w,y) — d(z,y)| < n, just let d(w,z) < en. Namely, note
that d(y,w) < d(y,z) + d(x,w) and d(y,z) < d(y,w) + d(w,z), so —d(w,z) <
d(w,y) —d(x,y) < d(w,x).

¢) d(w,y) > 2e. In this case, one has |f(y) — fi(y)| =2 — @. In order to obtain

2 — v ) Sust let d(w, ) < en. Thus, d(z,y) > d(w,y) — d(w, z) > 2 — en.

&€

Therefore, set § = en in this case.

CASE 3: Let y € X such that d(z,y) > 2¢ and:

a) d(w,y) < e. This case is impossible; let d(z,w) < £/2 and note that 2¢ < d(z,y) <
d(y,w) + d(w,z) < € +¢/2, an absurd.

b) € < d(w,y) < 2¢. In this case, one has |fZ (y) — fi(y)| = 2— @. In order to obtain

2 — @ < n, just take d(w,z) < en. Namely, note that d(y,x) < d(y,w) + d(z, w)
implies —d(w,y) < d(w,z) — d(y,z) < en — 2e.

28



¢) d(w,y) > 2e. In this case, one has |f5(y) — f<(y)| = 0, so one can take any § > 0.

Thus, set 6 = en in this case.

Therefore, one can set § = emin{1/2,n} in order to prove the result. The uniform

convergence of the sequence of functions is immediate. O

Lemma 1.2. Let p € M. Then, for each x € X,

o 10g fo.e (1)
JG) log e and d#(x) N hl?_%lp log e

Y

where, for each v € X and each ¢ > 0,

foe(+): M —[0,1] is defined by the law f,(p) := /fi(y)du(y),

and f5: X — [0,1] is defined as in Lemma[I.1 Furthermore, the function f.(p,x) =
foe(p) : M x X — [0,1] is jointly continuous.

Proof. 1t follows from the definition of f; that, for each z € X and each € > 0, f;./2(1) <
H(B(2,)) < foze(p). Then, if p(B(z;)) > 0, one has “Efeel2l > larBira)) » lotfeacli),

loge — loge — loge

which proves the first assertion. If u(B(x;¢)) = 0, given that f,.2(p) < u(B(x,¢)), just

set lim supe_m(inf)% = +o00.

Note that, for each x € X and each € > 0, f; : X — R is a continuous function such
that, for each y € X, X, .0 (¥) < f2(¥) < Xp. (y). Given that fi(y) depends only on
d(x,y), Lemma show that f; converges uniformly to f; on X when z,, — .

We combine this remark with Theorems and (see Appendix D) in order to
prove that f.(u,x) is jointly continuous. Let (u,,) and (x,) be sequences in M and X,

respectively, such that u,, — p and z,, — x. Firstly, we show that

Hm Hm fo(pm,z,) = lim lm [ f7 (y)dpn(y) = fo(p, ).

m—00 N—r00 m—00 N—r 00

Since, for each y € X, |fZ (y)| < 1, it follows from Dominated Convergence Theorem
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that, for each m € N, hm f Jo (y)dpm(y = [ fe(y)dum(y). Now, since f£ is continuous,

it follows from the deﬁmtlon of weak convergence that

Dim lim [ f7 (y)dpm(y) = lim / feW)dpm(y) = fe(p, ).

The next step consists in showing that, for each n € N, the function ¢, : N — N|
defined by the law ¢, (m) := fo(tm,zn), converges uniformly in m € N to p(m) :=
h_}m fe(tmszn) = [ fo(y)dpm(y). Let & > 0 and fix m € N. Since f (y) converges
uniformly to fS(y), there exists N € N such that, for each n > N and each y € X,
|f§n(y) — fj(y)‘ < 6. Then, one has, for each n > N,

rgon<m>—so<m>r—' [ 22 dint) - [ 50 dum' / 1F5.) — 20)| dum)

It follows from Theorem |[E.2that  lim  fo(pm, ) = fo(p, ). Given that Uim f.(pm, z,) =
n,m—o00 n—00
[ fe(y)dpm(y) and that lim fo(pm,z,) = [ f (y)dp(y) exist for each m € N and each
m—0o0

n € N, respectlvely, Theorem implies that

lm lim fo(pm, ) = lim lim fo(pm, z,) = m fo(pm, ) = fe(u, ).
n,Mm—00

mM—00 N—00 n—00 Mm—0o0

Hence, if (f1,,, z,,) is some sequence in M x X (endowed with the product topology) such
that (pn,xn) — (i, ), then lm f.(pn, z,) = fo(u, z), showing that f.(-,-) = f. (-) is
n—o0

jointly continuous at (u, x). O

For each ¢t > 0, let e = 1/t. Since, for each z € X,

3 T 10g fa:,e( ) log fx,l t(:u)
C_l,u(l') = hma_mw = Sliglo Sup(mf)psTét,
we set, for each s € N,
el . log fx,l/t(,u) . log fx,l/t(ﬂ)‘
Oulws) =sup =21y ond Bulns) =Rl
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note that, for each x € X, N 3 s — Bu(x,s) € [0,400] is non-increasing, whereas

N>s— ﬁu(x, s) € [0, +oc] is a non-decreasing function.

Proposition 1.1. Let (X,d) be a compact metric space and let o« > 0. Then, each of the
sets

PD = {p € M(X) | dimp(n) > a},
HD = {pe M(X) | dimy(p) = 0}
is a Gs subset of M(X).

Proof. Since the arguments in both proofs are similar, we just prove the statement for

PD. We show that M(X) \ PD is an F, set.
Claim 1. PD = (,ox{p € M(X) | p-essinf B, (z, s) > a}.

Let p € PD. Since, for each z € X, N> s — Bu(x, s) € [0,00] is a non-increasing

function, it follows that, for each s € N, p-essinf Bu(x, s) > a.

Now, let p1 € ,en{v € M(X) | p-essinf 3, (z,s) > a}. Then, for each s € N, there
exits a measurable A, C X with u(A,) = 1, such that for cach x € A,, 8,(z,s) > . Let
A = [\,5; As; then, for each x € A, one has d,(z) > a; given that u(A) = 1, the result
follows by Proposition [[.2]

Let 1€ M(X), let k,s € N, set Z,(s,k) = {z € X | B,(z,s) < o — 1/k} and set, for
each [ € N,

Mik(l) = {v € M(X) [v(Zu(s,k)) = 1/}

Claim 2. Z,(s, k) is closed.

Let (z,) be a sequence in Z,(s, k) such that z, — 2, and let ¢ > 0. Since for each
fixed 4 € M(X), the mapping X 3 x — f,1,(1) € (0,1] is continuous (see the proof of
Lemma , the mapping X > z — Bu(x, s) € [0, +00) is lower semi-continuous, which
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implies that z € Z,,(s, k).
Claim 8. W = {(p,2) € M(X) x X | B,,(x,5) > o — 1/k} is open.

This is a consequence of the fact that, by Lemma , the mapping M(X) x X >

(1, ) — B,,(,s) is lower semi-continuous.

Now, we show that Mg(l) is closed. Let (u,) be a sequence in Mg (1) such that
ftn — p. Suppose, by absurd, that p ¢ M, (l); we will find that p, ¢ M,(l) for n

sufficiently large, a contradiction.

If o ¢ My(l), then p(A) > 1 —1/1 where, A = X \ Z,(s,k). Given that u is tight
(1 is a probability Borel measure and the space X is Polish), there exists a compact set

C' C A such that pu(C) >1—1/1.

The idea is to construct a suitable subset of W ;. that contains a neighborhood of {y} x
C. Let, for each x € C, V, C W be an open neighborhood of (u, z) (such open set exists,
by Claim 3; that is, V, := B((, x);¢) = {(v,y) € M(X) x X | max{p(v,n),d(x,y)} < €},
for some suitable € > 0 (where p is any metric defined in M(X') which is compatible with
the weak topology); then, {V,},cc is an open cover of {u} x C, and since {u} x C is
a compact subset of M(X) x X, it follows that one can extract from {V,},cc a finite

subcover, {V,, },.

We affirm that there exists an ¢ € N (which depends on C') such that {u,}n>r C
;(m1(Vz,)). Namely, for each ¢, there exists an ¢; such that {i,}n>e, C m(Vy,); set
¢ = max{l; | © € {1,...,n}}, and note that for each i, {u,}n>¢ C m(V,,). Set also
Z:=(m(Ve,)) and O := U;(ma(Va,))-

Since for each i, V,, = m(V,,) x ma(Vs,), and given that

@ i

< %)) U () xm (1)

J

{tn}psy x O CIx O = U <[ﬂm (Va,)

= U ij C Ws,ka

J
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it follows that, for each n > ¢ and each y € O, Bun(y,s) > a — 1/k. Moreover, O is an

open set that contains C.

On the other hand, weak convergence implies that

i sup 10 (X \ 0) £ 4(X \ 0) < 4(X\ €) < 7,

n—oo

from which follows that there exists an £ > £ such that, for n > £, u,(X \ O) < 1/1.

Combining the last results, one concludes that for n > £, j,(X \ ©) < 1/, and for
each y € O, B#n(y,s) >a—1/k, so

(2, (5, %)) < (X \ O) < %;

this contradicts the fact that, for each n € N, p, € Mgx(l). Hence, p € M, (1), and
M k(1) is a closed subset of M(X).

Finally, it follows M(X)\ PD(a) = ey Upen Uiy M,k (1) is an F,, subset of M(X),
concluding the proof of the proposition. m

1.1.2 Dense sets

From now on, we assume that (X, d) is a Polish metric space and that T : X — X is a
Lipschitz function, with Lipschitz constant A > 1. Assume also that 77! : X — X exists

as a Lipschitz function, with Lipschitz constant A’ > 1.

Proposition 1.2. Let u € M(T). Then, for each x € X, d,(z) = d,(Tx), d,(x) =
d,(Tz).

Proof. 1t follows from Birkhoft’s Ergodic Theorem that, for each z € X and each ¢ > 0,
the limit

P ) = Jim = S ST (1.1



exists for p-a.e. y € X, and

/ Bpe (0)du(y) = / FE@)dnty) = L),

Fix z € supp(u). It is straightforward to show that, for each y € X and each i €
N U {0}, one has f&/™(Ti(y)) < fo.(T™*'(y)). Letting 2 = z and z = Tz in (1),
respectively, one gets ¢, (y) < @p .. (y) for pae. y € X, from which follows that
fee/n(p) < frae(p).

Case 1: x € supp(p). Note that, for each n > 0, f, () > 0. Let e = 1/¢, ¢t = /A and
s > 1+ 1/A; then,

sup w < sup log! log fo1/1(1t) < log(As) sup log fo1/1(1t)
t>s  —logt T paslogl—logA  —logl T log(As) —logA ;>As —logl
log [,
_ AA(S) sup 0g fl,l/l(/‘o
>As  —logl

where Ay (s) = leestloed (gince s > 1+ 1/A, one has I > A + 1).
log s

Using the same idea, one can prove that f../a(pn) < fr-1..(p); letting 2 = Tz, one

gets froe/n (i) < foe(p). Thus, the previous discussion leads to
Bu(Tx7 S) < AA(S)BM(Qj, AS) and Bu<x7 S) < AA’(S)BM(TvaIS);

one can combine these inequalities and obtain, for each x € X and each s > max{l +
1/A 1+ 1/A'},

Bu(Tx,s) < Ax(s)B,(z,As) < Ax(s)An/(As)B,(Tz, A - N's).

Now, taking the limit s — oo in the inequalities above and observing that A, (s) and

Ap(s) are decreasing functions such that lims e, Apan(s) = 1, one gets d,(Tz) = d, ().

Case 2: x ¢ supp(u). It follows from the T-invariance of supp(u) that T'(z) ¢ supp(p);
thus, d,(Tz) = +oo = d,().
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The proof that, for each x € X d,(Tr) = d,,(x), is analogous; therefore, we omit it. [

Remark 1.3. If 4 € M., since T and T~ ! are Lipschitz functions, it follows from Propo-
sition E that d,(z) and d,,(z) are constants j-a.e. (an analogous result can be found in

[13], Theorem 4.1.10 chapter 1).

hu(T)
logA *

Lemma 1.3. Let X be a compact metric space. If up € M(T), then dim} (1) >

Proof. Fix x € X, n>1and ¢ > 0. Given y € B(xz,eA™), one has, for each 0 < i < n,
p(Thy, T'z) < Aip(x,y) < A"""e < &, which shows that y € B(z,n,e) = {z € X |
p(T'z, T'x) <e, Y0 <i<n-—1}. Hence, for each x € X and each ¢ > 0,

= 1 B A" I B 1
dy(x) = lim sup e uB(z, cAT)) > limsup g uBlo,,c)) 1
n—00 log eA™ n—o0 —-n Zg& + IOgA
1 1
> limsup o8 uBle,m,c)) ;
n—00 —-n IOgA

it follows that, for pu-a.e. x € X,

- 1 B A" 1 B 1
d,(2) > tim limsup ELBWENT)) s i g 128 B(E:1:9))
e=0 oo logeA—" e=0 oo -n log A

1
= (T, -f)m, (1.2)

where h,(T,z) is the so-called local entropy of 1 at z. One also has, using Brin-Katok
Theorem, that [ h,(T,z)du(z) = h,(T) (the compactness of X is required in this step;
see [10]). Hence, there exists a measurable set B, with u(B) > 0, such that, for each

x € B, d,(r) > }Igg(:/r\) . The result is now a consequence of Proposition . O

Lemma 1.4. Let X be a Polish metric space and let up € M,. Then, dimp(u) > }igg(?

Proof. Since 1 is ergodic, it follows from Proposition [1.2]that d,,(z) is constant for p-a.e. x

(this constant may be infinite).

One also has, by Lemma that [ h,(T,z)du(xr) = p-essinf b, (T, x), and then, by
Theorem , that [h,(T,z)du(x) > h,(T). Thus, by inequality (L.2), one gets, for
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d,(x) = / d,(z)dp(z) > / b (T, x)loé A ) = hu(T) lo;A'

The result is obtained again by an application of Proposition O

Lemma 1.5 (Lemma 6 in [51]). Let u € M(T) be such that u(R%) = 1, and let sy > 0.
Then, i can be approzimated by a T-periodic measure j, € M(T), where x = (x;) is in
RZ, z has period s > sy and x; # x; if i # j, 4,7 =1,...,s.

The next result is an extension of Lemma E to X = Hfg M, where M is perfect and
compact (the hypothesis of M being perfect is required to guarantee that one can always
choose the periodic point x in the statement of Lemma in such way that x; # z; if
i#j,4,5=1,...,s; see Remark 3.4 in [38]). Lemma[2.3|of Chapter II is a weak version of
Lemma , actually it is sufficient (see Section 2.2 of Chapter II for a proof of Lemma.

Lemma 1.6. Let X = Hfg M, where M s perfect and compact, let p € M(T) and
let s > 0. Then, pu can be approximated by a T-periodic measure pu, € M(T) such that
x € X has period s > sy and x; # x; ifi #j,1,7=1,...,s.

Remark 1.4. Since, for each x € X, u,(-) = é Zfigl drie(+), where k, is the period of

x, the measure presented in the statement of Lemma [1.6|is clearly supported on X, so it

belongs to M(T).

Lemma 1.7 (Lemma 7 in [51]). Let u € M(T) be such that u(R%) = 1, and let K > 0.
Then, every neighborhood V' of i contains a p, with p(X) =1, such that h,(T) > K.

Proposition 1.3 (Proposition 6.1 in [38]). Let p,, — p in the space of all normalized Borel
measures in a compact metric space Y. Let E be a Borel subset of Y such that p,(F) =1
for alln > 0. Then, [ fdu, — [ fdu for any bounded Borel measurable function f on'Y

such that f|g is continuous.

The next result is an extension of Lemma to the space X = Hfz M (with M a
perfect Polish space) proved using Lemma and Proposition . We leave the details
for the dedicated reader.
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Proposition 1.4. Let M a perfect Polish space, up € M(T') and let K > 0. Then, every
neighborhood V' of p contains an invariant measure p € M(T) such that h,(T) > K.

Proof. Take V,,(f1,--+, fa;6), L and k > 0 as in Proposition The proof is analogous
to proof of Proposition [2.7, with the difference that one should take sy > 0 such that

rlog(so— 1) — klogr — (1 — k) log(l — k) > K.

It follows, as in Proposition from Lemma that there exists a T-periodic point
w = (w;) € M?%, with period s > sg, such that w; # w; for each i # j, 4,5 =1,...,s, and
Hw € Vl.t(fla e )fd; 5/2)

Following the proof of Lemma 7 in [51], one defines, for each fixed s > sy, a Markov

chain p whose states are wy, ..., ws, whose initial probabilities are given by the s-tuple
(1/s,...,1/s), and whose transition probabilities are given by the s X s-matrix p;;, where
bs1 = 11— K,
Piit1 = 1—l€, forizl,...,s—l,
R .
Dij = Py otherwise.

The entropy for a stochastic process given by a Markov chain with initial probabilities
m; (1 < i < s) and transition matrix p;; (1 < 4,5 < s) is given by Zijﬂ—ipij - log pij.
Therefore, one obtains

h,(T) > klog(sg — 1) — klogk — (1 — k) log(l — k) > K

To evaluate the integral | [ fidww — [ fidp|, we proceed as in the Proposition in order
to show that p € V,, (f1,--- , fa;0/2), from which follows that p € V,,(f1,---, fa;6). O

Proposition 1.5. Let L > 0. Then, { € M, | dimp(pn) > L} is a dense subset of M..

Proof. Let 0 > 0, and let p € M,. It is straightforward to show that 7' is a Lipschitz
function with constant A = 2. Set K := Llog2. It follows from the proof of Proposition
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(see Lemma 7 in [51]) that given any neighborhood of 1 (in the induced topology) of the
form V,(f1,...,fr;0) ={v e Mc || [ fidv — [ fidu] < 6,7 =1,...,r} (where 6 > 0
and each f; : X — C is continuous and bounded; such sets form a sub-basis of the weak
topology), there exists a measure ( € V,(f1,..., fr;0) such that hc(T) > K. Now, by
Lemmal[L4] one has dimp(¢) > %0 = KLy = L. O

— log2 log 2

Proposition 1.6. Let M be a perfect and separable metric space. Then, the set {u €
M, | dim},(p) = 0} is dense in M..

Proof. Let p be the T-periodic measure associated with the T-period point x € X, and
denote its period by k. Naturally, u(:) = %Zf:ol dfi()(+), and for each ¢ = 0,--- |k — 1,

one has

- 1 B(T* —logk
d,(T"(x)) = limsup og W B(I"(z),7)) = lim sup %BF _
r—0 logr r—0  logr

The result follows now from the fact that the set of T-periodic measures is dense in

M. (see Theorem 3.3 in [39]). O

Remark 1.5. The result stated in Proposition [1.6]is valid for any topological dynamical
system (X, T') such that the set of T-periodic measures is dense in M.; this is particularly
true for systems which satisfy the specification property (see Remark for more details).

Proof (Theorem [1.1)).

ITI. Note that, by Propositions , and item I of Theorem PD =y, PD(L)

is a countable intersection of dense G subsets of M(T').

IV. It follows from Propositions [I.1] and [I1.6] that HD is a dense G subset of M,. The

result is now a consequence of item I in Theorem [I.1]

O

The next statement says that each p € HD N PD N Cx is supported on a dense Gy
subset of X.
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Proposition 1.7. Let u € PDNHDNCY. Then, each of the sets D, = {x € X | d,(z) =
oo} and D, = {x € X | d, (r) =0} is a dense G; subset of X.

Proof. We just present the proof that §u is a dense G5 subset of X.

5;4 is a Gs set in X. Let « > 0, let s € N, and set Z, s(o) = {x € X | B_H(x,s) < a}.
Following the proof of Claim 2 in Proposition [1.1] it is clear that Z, () is closed. Thus,
taking a« = n € N, it follows that D, = (e Neen(X \ Zus(n)) is a Gs subset of X.

D, is dense in X. Since y € PD, one has u(®,) = 1. Suppose that D, is not
dense; then, there exist # € X and € > 0 such that B(z,e) N®D, = (. This implies that

1 = pu(®,)+p(B(x,€)), which is an absurd, since pu(B(x, <)) > 0 (recall that supp(p) = X,
given that u € Cyx). O

1.2 Rates of recurrence and quantitative waiting time

indicators almost everywhere

In this section, we present the proof of items V-VIII of Theorem [1.1} This section presents
the counterparts, for R(z), R(z), R(x,y) and R(x,y), of the results presented in Sec-
tion [1.1] Once again, we assume that (X, d) is a Polish metric space and that 7 : X — X
is a Lipschitz function, with Lipschitz constant A > 1. Assume also that 77! : X — X

exists as a Lipschitz function, with Lipschitz constant A’ > 1.

1.2.1 Sets of ergodic measures with zero lower and infinity upper

rates of recurrence

Proposition 1.8. Let (X, T) be a topological dynamical system and let o > 0. Then, each
of the sets

= {p € M(T) | p-essinf R(x) > al,
= {ue M(T) | p-esssup R(z) = 0}

SRS
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is G5 subset of M(T).

Proof. Since the arguments in both proofs are similar, we just prove the statement for
R. We show that M(T) \ R is an F, set. We begin noting that R = (,.y{r € M(T) |
p-essinf7y(z, s) > a} (see the proof of Proposition for the proof of an analogous

statement).

Let I,s € N, set Zs; = {x € X |7(x,s) < a— 1/}, and set for each k € N,

Mei(k) = {pn € M(T) | u(Zs1) = 1/k}.

Claim. Zs,; is closed.

Let (z,) be a sequence in Z; such that z, — z. Since, for each n € N, F(z,,s) =
SUP >y % < a—1/1, it follows that for each ¢t > s, 71/4(2,) < t*" V. Now, fix t > s;

then, there exists a sequence (k,), k, € N, such that for each n € N, k, < t*"Y/! and
d(T* (2,), za) < 1/t.

Given that (k,) is bounded, there exist a sub-sequence (k,,), k < t* '/ and j, € N
such that for each j > jo, k,; = k. Since for each j € N, d(T* (2n;)s 2n;) < 1/, it follows
from the continuity of T* and the previous statements that d(7%(z), z) < 1/t, which proves

that 7/(2) < to=1/. Given that t < s is arbitrary, one gets SUP;> loglzg/;(z) < a-1/1,

which concludes that z € Z; ;.

Now, we show that M (k) is closed. Indeed, fix s € N and let (u,) be a sequence in
M, (k) such that p, — p. Suppose that p ¢ M, (k); then, u(A) > 1 — 1/k, where A =
X\ Z,. Since, by Claim, A is open in X and p,, — p, it follows that liminf, . ,(A4) >
p(A) > 1 —1/k, which shows that there exists an ¢ € N such that u,(A) > 1 — 1/k. This
contradicts the fact that u, € Mg, (k). Hence, p € Mg, (k).

Given that M, (k) is closed, it follows that M(T)\R() = U,cny Ureny Ujen Msu(k) =
{n € M(T) | p-essinfy,(z,s) < a} is an F, subset of M(T'). O
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The next results show that such sets are dense for the full-shift system.

Proposition 1.9. Let (X, T) be the full-shift system, with M a Polish metric space. Then,
R ={ue M,.|pu-esssup R(x) =0} is a dense subset of M.

Proof. Note that if p, is a T-periodic measure, then for each y € O(z), R(y) = 0. The
result follows, therefore, from the fact that the set of T-periodic measures is dense in M,

(this is Theorem 3.3 in [39]). O

Proposition 1.10. Let (X,T) be the full-shift system, with M a perfect and compact
metric space, and let L > 0. Then, R(L) = {u € M, | p-essinf R(x) > L} is a dense
subset of M(T).

Proof. Fix x € X, n > 1 and € > 0. It follows from the argument presented in the proof
of Lemma that B(z,e27") C B(z,n,e) (recall that the full-shift system is Lipschitz
continuous). Note that 7.9-n(z) > R,(z,¢), where R,(x,e) = inf{k > 1 | TF(x) €
B(z,n,e)} is the nth return time to the dynamical ball B(x,n,e). Now, as in the proof
of Proposition [L.5] for each y € M(T) and each neighborhood V,(fi,..., f.;0) (in the
induced topology), there exists a measure ¢ € V,(fi,..., fn;0) N M, such that h (T) >
Llog?2. The result is now a consequence of Theorem and Proposition which state

that R(z) > %< = L, for C-a.e.x. O

Remark 1.6. Proposition [1.10| can be extended to the case where M is a Polish metric
space using an adapted version of Lemma [[.4] Namely, let u € M,.. It follows from the
proof of Theorem A in [56] that A(T, z) := lim._, lim inf,, %log R, (x,¢) is T-invariant
(and therefore, constant for p-a.e.z; this constant may be infinite), where R, (x,¢) :=
inf{k € N | f*(z) € B(z,n,e)}, and that h,(T) < h(T,x) for p-a.e.x; as in the proof
of Katok’s Theorem, this inequality is also valid for Polish spaces (see the discussion

preceding Theorem 2.6 in [44]).

Since R(z) is also T-invariant, it follows from the previous discussion and from the

argument presented in the proof of Proposition A in [56] that, for y-a.e. z € X,

h T
B = [ B@utr) > [ B0 D) > D)
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Proof (Theorem [1.1J).

V. The result is a consequence of Propositions [L.8] and item I of Theorem [I.1]

VI. It follows from Proposition , Remark and item I of Theorem , since R =
Niz1 R(L).

O

Remark 1.7. There is an alternative proof to the fact that R = {u € M, | p-essinf R(z) =
0} is residual in M(T'). In fact, this result can be seen as a direct consequence of Theorem
2 in [6] and Theorem [L.IHIL, since it follows that, for each p € HD, p-esssup R(z) <
dimg (p) = 0.

The following result states that each typical measure obtained in Theorem is sup-
ported on the dense G5 set R = {x € X | R(z) = 0 and R(z) = oo}.

Proposition 1.11. Let (X, T) the full-shift system, where M is a perfect and separable
metric space. Then, each of the sets R~ = {r € X | R(x) = oo} and R_ = {z € X |
R(x) = 0} is a dense G5 subset of X. Moreover, for each i € RNRNCx, u(R~NR_) = 1.

Proof. We just present the proof that SR~ is a dense G5 subset of X.

M~ is a Gs set in X. Let « > 0, s € N, and set Zs(a) = {z € X | F(x,s) < a}.
Following the proof of Claim in Proposition [I.8] it is clear that Zy(«) is closed. Thus,
taking a = n € N, it follows that R~ = (), oy Neen(X \ Zs(n)) is a G5 set in X.

R~ is dense in X. Let p € RN Cx. Then, u(M~) = 1. Suppose that R~ is not
dense; so, there exist x € X and ¢ > 0 such that B(x,¢) "R~ = (. This implies that
1= pu(R") + u(B(z,e)), which is an absurd, since u(B(z,¢)) > 0. O
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1.2.2 Sets of ergodic measures with zero lower and infinity upper

quantitative waiting time indicators almost everywhere

Now, we present equivalent results, to those already obtained in this section, for the

quantitative waiting time indicators.

log 714 (2,y)

gt and

Let, for each (z,y) € X x X and each s € N, F(z,y,s) 1= sup,.

. log 7y /4 (z,y)
’}/(LE, Y, 8) T lnft>s logt

Proposition 1.12. Let (X,T) be a topological dynamical system and let « > 0. Then,
the set

By = {ne M(T) | (ux p)-esssup R(z,y) < af

is a Gs subset of M(T).

Proof. Using the same ideas presented in the proof of the Proposition [1.8 we show that
X, is a G5 subset of M(T) by showing that M(T) \ Z, = Usen{r € M(T) | (1 %

[t)- €ss supzu(x, y,s) > a} is an F, set.

Q

Let I,s € N, set Z,; = {(v,y) € X x X | y(w,y,s) > a+1/1} and set, for each k € N,

M(k) ={p € M(T) | (nx p)(Zsy) = 1/k}.

The proofs that Z,; and M (k) are closed sets follow the same arguments presented in
the proof of Proposition (here, one uses Theorem 8.4.10 in [§] for the product measure
% ). Finally, since M(T) \ Z() = Usen Ujen Upeny M (), we are done. O

Proof (Theorem [1.1J).

VII. Since, by Proposition|l.12, Z = {u € M. | (ux p)-esssup R(x,y) = 0} = N1 % .,

one just needs to prove that & is dense. Let u, be a T-periodic measure. Then,

43



for each x,y € O(z), R(z,y) = 0. The result follows from the fact that the set of
T-periodic measures is dense in M, and from item I in Theorem [L.1]

VIII. The result is a direct consequence of Theorem (IV) and the second inequality
in (3) (see Theorem 4 in [20]).

O

Proposition 1.13. Let (X,T) the full-shift system, where M is a perfect and separable
metric space. Then, each of the sets &~ = {(z,y) € X x X | R(z,y) = oo} and &_ =
{(z,y) € X x X | R(z,y) = 0} is a dense G5 subset of X x X. Moreover, for each
pERNAZNCx, (pxp)(G"NG_)=1.
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CHAPTER I1

GENERALIZED FRACTAL DIMENSIONS OF
INVARIANT MEASURES OF FULL-SHIFT
SYSTEMS OVER UNCOUNTABLE ALPHABETS:
GENERIC BEHAVIOR

In this chapter, we are interested in extending the analysis of the previous chapter to
the so-called upper and lower g-generalized fractal dimensions of the T-invariant measures,
D (p), with ¢ > 0 (Definition . We shall also explore the connection between such
properties and the orbital behavior of the full-shift system through the upper and lower
g-correlation dimensions at a point « € X, for ¢ € N\ {1} (Definition (). All results in
this Chapter appear in our article published in Forum Mathematicum,V33, N2, p. 435-450
([12], in January 2021).

As in Chapter I, we begin this chapter making some comments and observations about
the results obtained here, as well as some of their dynamical and topological consequences.
The proofs of the main results, stated in Theorems[2.1|and [2.2] are presented in Section[2.1]
Section 2.2 and Section 2.3

Our first central result (in this chapter) establishes that if M,,(T") (the set of T-periodic
measures) is dense in M(T'), then generically, for each s € (0,1), p € M(T) has s-lower
generalized fractal dimension equal to zero. This density is particularly true for dynamical
systems satisfying the specification property (such as Axiom A systems [53] and the actions
of discrete countable residually finite amenable groups on compact metric spaces with

specification property [43]), as previously discussed.
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Here, we let (X, d) be a compact metric space.

Theorem 2.1. Let (X,T) be a topological dynamical system and suppose that M, (T) is
dense in M(T). Then, for each s € (0,1),

FD={pe M(T)| D, (s) =0}
is a residual subset of M(T).

The next result is a direct consequence of Theorem [2.1] and Proposition [.2]

Corollary 2.1. Let (X,T) be a topological dynamical system and suppose that M,(T') is
dense in M(T'). Then,

HD = {p € M(T) | dimp(p) = 0}
is a residual subset of M(T).

The first consequence of Corollary is that a typical invariant measure is supported
on a set Z C X satisfying dimpy(Z) = 0; moreover, given that dimy(Z) > dimy,,(Z2), it
follows that Z is totally disconnected. Now, if (X, T) satisfies the specification property,
it is known that Cx(7T'), the set of invariant measures with supp(y) = X, is a dense Gj
subset of M(T) (see [15, 53]); thus, in this case, Z is a totally disconnected and dense
subset of X.

One must compare Corollary with Theorem ; although X = Hfz M may not
be compact in Theorem (ITT), X must be endowed with a metric such that 7" and 7!
are both Lipschitz (here, it is only required that the induced topology and the product
topology are compatible).

Corollary 2.2. Let (X,T) be a topological dynamical system and suppose that M,(T') is
dense in M(T'). Then,

R={peM(T)|R(x) =0, for u-a.e. z}

is a residual subset of M(T).
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As before, one may establish the same kind of comparison between Corollary and
Theorem [1.1H(V): here, it is required that X is compact (there, it is sufficient for X to be
Polish); here, the metric may be any one compatible with the product topology (there, it
must be such that 7" and T~! are both Lipschitz).

Returning to the full-shift system, we consider now the case where X is perfect and
compact, and two different settings: X is endowed with any metric compatible with the

product topology, or it is endowed with a sub-exponential metric of the form

r(zy) =) min{a|n|1+ 1,d(xn,yn)} : (2.1)

In|>0

where © = (..., T p,. . Tny oo ), Y = (oo Yony ooy Yny - - ), With (a,) any monotone in-

creasing sequence such that >, ., ﬁ < oo and, for each a > 0, limy_ & = 0 (for
instance, let for each n € NU {0}, a,, = n?); naturally, these metrics induce topologies in

X which also are compatible with the product topology.

Our second central result is stated in the following theorem.

Theorem 2.2. Let ¢ > 1. Then,
CD ={ue M(T)|D;(q) = +oo}

is a dense G5 subset of M(T).

Theorems [1.1] and may be combined with Proposition [[.2]in order to produce
the following result. Let ¢ € N\ {1}; if u € FDNCD, then there exists a Borel set Z C X,
u(Z) = 1, such that for each x € Z, one has a,(v) = D, (¢) = 0 and @,(z) = D/ (q) = oc.

Let x € Z; since gq(:c) = 0, it follows that given 0 < a < 1 and R > 0, there
exist a radial sequence (ex), with g, € (0, R), and an Ny = Ni(x,, R) € N such that,
o

for each n > Nj, one has Cy(z,n,e) > 5,(;"_1
(ex)) such that F, = card{(i1---i,) € {0,1,---,n}? | r(T%(x),T%(x)) < e for each

. Thus, there exists a scale (defined by

0<71<q}> 8,(:_1)0‘ n?; in this scale, the quantity Fj, is of order n? for each n and each

k large enough. This means that, at least in this scale, the orbit of a typical point (with
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respect to ) is very “tight” (it is some sense, similar to a periodic orbit).

Nonetheless, since @,(z) = +o0, it follows that given > 1 and S > 0, there exist a
radial sequence (s,), with s, € (0,.5), and an N; € N such that, for each n > Ny, one has

Cylz,m,s0) < séqfl)’g. Thus, there exists a scale such that

P, = card{(iy---iy) € {0,1,--+ ,n}? | r(f9(x), f'(x)) < s for each 0 < 5,1 < ¢}
< Séq—l)ﬁ nd;

in this scale, P, is of lesser order than n?, which means that (at least in this scale) the
orbit of a typical point spreads fast (leading to a behavior which is similar to a hyperbolic

system).

In summary, the orbit of a point x € Z has a very complex structure, being “tight”

for some spatial scale, and spreading rapidly throughout the space for another scale.

Combining Corollary 2.1] and Theorem 2.1 with Proposition [.2] one gets the following

result.
Corollary 2.3. Let (X,T) be the full-shift system, X = [[*._ M, where M is a perfect
and compact metric space. Let X be endowed with the metric (2.1)). Then,

HP = {ue M,T) | dim}; () =0 and dimp(u) = oo}

is a residual subset of M(T).

Again, one may compare Corollary with Theorem (IH—IV). Here, X is perfect,
compact and endowed with the metric (2.1). There, X is perfect, Polish, and endowed
with any metric such that 7" and T~! are both Lipschitz.

By Corollary 2.3] each u € HPNCx(T) is supported on aset Z C X with dimy(Z) = 0
and dimp(Z) = oco. Thus, Z is a dense and totally disconnected subset of X (suppose
that Z is not dense; then, there exist € X and & > 0 such that B(x,e) N Z = (). This
results in 1 = u(Z) + p(B(z,€)), which is absurd since u(B(z,¢)) > 0).
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Finally, we may also say something about the typical lower and upper entropy dimen-
sions of an invariant measure. Combining Theorems [2.1] and [2.2) with Proposition [[.2] the

following result holds.

Corollary 2.4. Fach of the sets
D_ = {se M(T)| D; (1) = 0},

ED. = {u € M(T)| D} (1) = +00}

is residual in M(T).

2.1 Gy sets

In this section, X is always a compact metric space.

2.1.1 G sets for s € (0,1)

Let p € M, let s € (0,1) and let G = {B(x;,¢)} be some countable covering of X by balls
of radius € > 0. Let G = {B(z;,€)} C G be a sub-covering of X that also covers supp(y).

For each z € B(x;,¢), one has B(x;,¢) C B(x,2¢), from which follows that, for each
x e B(l’“ 5) A SUPP(M)a M(B(‘rlu g))s—l > ,LL(B(I‘, 25))8_1; hence,

L(s,2) = / L 22)) ) Z/ H(B(x, 2))*dy(x)

4,€)Nsupp(p
< Z/ u(B(x;,€)) du(z) ZM (2,
2. (zi,e)Nsupp(p 2,€G
< Zu(B(xj,gns 22
xjeg

(by € G one means that B(x,¢) € G; we will use this notation throughout the text).

Naturally, since X is a compact metric space, one can assume, without loss of generality,
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that G is always a finite covering of X.

Definition 2.1. Let u € M. One defines, for each s € (0,1) and each ¢ > 0,

where the infimum is taken over all finite coverings, G, of X by balls of radius ¢ (as above).
Remark 2.1. One must compare Definition [2.1| with Definition (8.6) in [42].
Definition 2.2. Let € M. One defines, for each s € (0,1) and each € > 0,
Wls,2) =inf 3 folp25)",
;€6

where the infimum is taken over all finite coverings, G, of X by balls of radius e, and

J<(p, ;) is defined in the statement of Lemma [1.2]

Proposition 2.1. Let s € (0,1) and let 4 € M. Then,

log W, (s,¢) — liminf log S.(s,¢€)
REZT Tes0 (s —1)loge =0 (s—1)loge’

Moreover, D, (s) < d(s).
Proof. Let € > 0. Then, one has
Lu(s,€) < Su(s,e/2) < Wyu(s,e/2) < Suls,e),
from which the results follow. The first inequality above comes from . The remaining
inequalities come from p(B(x,£/2))* < fojo(p, x)* < p(B(x,€))®, valid for each v € X. [

Remark 2.2. One may compare Proposition [2.1| with Theorem 8.4 (1) in [42].

Proposition 2.2. Let ¢ > 0, let s € (0,1), and let G = {B(x;,€)}L, be a finite covering
of X by open balls of radius €. Then, the function

L
Hg M — R+a HQ(IU“) = Zfs(/lvxl)sa

=1
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18 continuous in the weak topology.

Proof. Let (u,) be a sequence in M such that u, — u. Since, for each [ = 1,..., L,
the mapping M > p — fo(p,z;) € Ry is continuous (by Lemma [1.2), it follows that

Hg(p) = > cp fo(1t, 21)° is also continuous, being a finite sum of continuous functions. [

Proposition 2.3. Let s € (0,1). Then, D* = {p € M | d;(n) = 0} is a G5 subset of
M.

Proof. Let y1 € M and let ¢ > 0. Define h : M — (0, +00) by the law h(p) = W,(s,e) =
infg >, cg fe(u,;)* (where the infimum is taken over all finite coverings, G, of X by open
balls of radius ¢) and g¢. : (0,+00) — R by the law g.(r) = (Sf)f)(li))ge. Note that, for each
keN, g-'((—oo,1/k)) = (0, ax), where ap = g-*(1/k).

It follows from Proposition that h is upper semicontinuous, and thus, for each

keN, (g-oh) ((—oo,1/k)) = h~ ! (97 ((—o0,1/k))) = h~1((0,az)) is open in M. Since

log W, (s, €)
D* = li f—=—r =
- {’MEM| 1r£n_>10n (s —1)loge }

log W, (s, 1/t)
- NNU{mem 0 <2

keNIeN t>1]

- NNU ¢ gl/tohrl((—oo,l/k))v

keNIeN t>1

the result follows. O

2.1.2 Gy sets for ¢ > 1

Lemma 2.1. Let, for each ¢ > 1 and each ¢ >0, M 3 p— J,(q,¢) € [0,1] be defined by
the law

— [ £ o)

Then,

. . Jlog Ju(q,¢)
D*(g) = lim sup(inf) ——~2 -2
() nst p(inf) g (=)

)
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where fo(p,x) = [ f(y) is defined in the statement of Lemma (1.4 Moreover, the
mapping ./\/l S p— Ju(q,&t) [O, 1] is continuous.

Proof. The proof is divided into the following steps.
Step 1. Note that, for each € € (0,1), I,,(¢,¢) < J.(q,¢) < I,(¢,2¢). Then,

log 1,,(¢,€) S log J,.(q,¢) S log 1,,(q, 2¢)

log(e) = log(e) —  log(e)
from which follows that
. o logl,(q,¢) : . log J,(q,€)
D¥(q) = limsup(inf) —=—22"2_ — lim sup(inf) —=>At2" "/
(@) =l sp(in) o hoge) ~ s () = ogte)

Step 2. We prove that, for each ¢ > 0, the mapping M > p — J,(q,e) € [0,1] is

continuous. Let (un) and (v,,) be sequences in M such that p, — p and v,, — v. Set
Juv(a,e) = [ ([ fily )q_1 dv(z). We shall prove that

q—1
T vm (4, € )Znﬁgrgoo ( / fi(y)dun(y)) dvm(z) = Juu(q, ).

Firstly, we show that

lim lm [ fo(pn, )7 dvn(z) = J,.(g, €).

m—00 N—r0o0
Since fZ(-) is continuous and p,, — p, it follows that lim, oo fe(pin, x f fe(y

Clearly, for each x € X and each n € N, |f.(n, )| < 1; thus, by the Dominated

Convergence Theorem,

lim lim fa(ﬂnax)q_ldym(x) = lim fa(#a z)q_ld’/m(x)' (23)

mM—r00 N—00 m—ro0

Note that, for each u € M, the mapping X > z — f.(u,z) € R, is continuous. Indeed,
let (7;) be a sequence in X such that x; — 2. Since f (-) converges uniformly to f:(-),

and for each y € X and each [ € N, |f: (y)| < 1, it follows again from the Dominated
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Convergence Theorem that

hm fa(:uaxl - hm/f;:l dlu /f‘E dﬂ f&(“?m)

Thus, one gets from (2.3)) that

lim [ £ 2)"  dvm(a / f(py )T (@) = T (g, ),

m—0o0

Now, we show that for each n € N, the function ¢, : N — N defined by the law
©n(m) == Jyu, 1. (q,€), converges uniformly on m € N to ¢(m) := lim,_yo0 Jpu, 1, (¢,6) =

J () v ().

Namely, let § > 0 and let m € N. Since (M, r1)x (X, p) is compact and, by Lemmal[l.2]
fe(oy o) Mx X — [0,1] is continuous, f.(-, -) is in fact uniformly continuous on M x X.
Note also that the function A : [0,1] — [0, 1], given by the law h(z) = 2971, is continuous

n [0,1]; then, ho f : M x X — [0,1] is uniformly continuous. Hence, there exists an
n > 0 such that, for each (f1,Z) € M x X and each (u,z) € B((i1,z),n) = {(v,y) €
M x X | d((1, ), (v,y) <0k, | fo(p,2)T = fo(ii, 7)1 < § (M x X is endowed with the
product metric d((, x), (v,y)) = r1(p, v) + p(x,y), whose induced topology is equivalent
to the product topology in M x X).

Since p,, — p, there exists an N € N such that, for each n > N, r1(pn, ) < n. Thus,
for each x € X and each n > N, d((pin, x), (i, ) = 71 (ftn, p) + p(x, z) < n, which results
n (pin, x) € B((p, x),n). Thus, by the uniform continuity of ho f, it follows that, for each
(f f2(y)dpn(y))* L (f f;(y)du(y))%l’ < 6. Then, for each

53



n > N and each m € N,

WW@—MW\Z‘/ﬁ@mﬂ”wdw—/ﬁW@“%%w

< /‘(/ fgi(y)d/m(y))q_1 _ (/fi(y)du(y))q—l
< /5 Ay (2)

= .

AV, ()

This proves that ¢, (m) — ¢(m) uniformly on m € N. It follows, therefore, from
Theorem 2.15 in [23] that

n,m—00 n,Mm—00

lim_ o (0,6) = lim (/ﬁ@mwﬂmmmwzaM@.

Since J,,(q, €) is the restriction of J,, (g, ) to the diagonal set D C M x M, one gets

]'lm J,U‘nuufn <Q7 8) = ,’}1_{1;10 J/an (q7 8) - J/J‘(q7 8)

n—oo

This show that the mapping M > p — J,(q,e) € [0,1] is continuous in the weak
topology. O

Proposition 2.4. Let « > 0 and q > 1. Then, each of the sets
Dy ={neM|D;(q) > a}
D_={peM|D,(q) =0}

1s G subset of M.

Proof. ~ We just prove the first statement, given that the proof of the second one is

completely analogous. Let p € M. It follows from Lemma [1.2] that, for each € > 0,

liminf t*@~1J,(¢,1/t) =0 = Di(q) > a = liminf et 1 (q,1/t) =0,

t—o00 t—o00
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which results in
1
NNuU {u € M| 20707, (q,1/1) < 5} C {ne M| Di(q) > a}

n>0k>0t>k
o 1
<N l{M€M|t(a+)(q I)JM(Q71/t)<E}'

n>0k>0t>k

Replacing o by ao — ¢ in the last paragraph and taking ¢ = %, one gets

alalall {M € M| £e+DED g (0 141) < %} - N {M € M| DFg) > a— %}

>0n>0k>0t>k >0

= {peM|Df(q) >a}.
Now, one just needs to prove that, for each k,l,n € N and each t > k,

1 1 1 -1
{u € M |0 (g, 1/t) < 5} = (D0 (g, 1/8) (0,1/n)

is an open set in M; this is a direct consequence of Lemma [1.2 O

2.2 Dense sets

Proposition 2.5. Let (X,T) be a topological dynamical system, assume that M,(T) is
dense in M(T), and let s € (0,1). Then, D* = {u € M(T) | d;(n) = 0} is a dense
subset of M(T).

Proof. Let {i,}nen be a dense subset of M, (T) (recall that M, (T") is separable), and
let 11 € {in}nen be a T-periodic measure associated with the T-periodic point = € X,
whose period is k,. Set g9 = ming<izj<p, 1{d(x;,x;) | z; ;=T (x), 1 =0,...,k, — 1}, set

A={x,T(x), -, T*"1(x)}, and let € € (0,min{1,&0}).

As X is a compact metric space and C' = X\ |J,.4 B(2,¢) is closed, C is also compact.

Let Gi = {B(yn,¢)}y.cc be a finite covering of C, and set G = G, U {B(z,€)}.ca. By
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construction, each z € A belongs to only one element of G (namely, B(z,¢)), and for each

Yn € G1, (B(yn,€)) = 0. Thus,

from which follows that
log S, (s,¢) < log(k1=*)
(s —1)loge =~ (s —1)loge’

Letting, ¢ — 0, one gets d; (v) = 0. O

Remark 2.3. The fact that M, (T") is dense in M(T) is true, in particular, for the full-
shift over X = [~ M, where M is a Polish space, as we have seen in Chapter I

From now on, we endow X = M% with the following metric (which corresponds to the

choice a, :=n?* n € NU{0}, in (2.1)):

r(z,y) = ) min {%ﬂ,d(xn,yn)} .

In|>0

Remark 2.4. Although we use this metric in what follows, the results presented below are
also valid for any sub-exponential metric as defined by (2.1). We have made this particular
choice in order to simplify the exposition of the main arguments (see also Remark .

Next, we prove that CD = {u € M(T) | Df(q) = +oc} is a dense subset of M(T).
Our strategy involves a modified version of the energy function : for each ¢ > 1, each
e >0, each n € N and each u € M(T), set

I'(ge) = / u(B"(z, ) dp(x),

where B"(x,e) ==+ x M X --- X M x By(x_p,€) X -+ X Bpyp(@p,e) x M X -+ X M x -+,
and By(z,¢) :={w e M | d(w, z) < €}.

Lemma 2.2. Let ¢ > 0. Then, there exists an ng € N such that, for each v € X,
B(z,e) C B™(x,¢).
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Proof. Let x € X and let y € B(z,¢); then, for each n € Z, min{ 5, d(z,,yn)} < €.

Set ng := [(£ —1)"/?] 4+ 1. Since <e<

1
(no+1)%+1 = n2+1
d(zp,yn)} = d(Tn, yn) < €. Therefore, y € B™(z,¢). O

it follows that, for each |n| < no,

: 1
mln{—nQH,

The following result is a direct consequence of Lemma [2.2]

Proposition 2.6. Let ¢ > 1. Then,

- log ™
log I,(q€) > B (q) i limsup og 1,,°(q,€)

D' (g) = limsu ,
(9) c—s0 P (g—1)loge 0 (¢g—1)loge

I

where ng = no(e) is given by Lemmal[2.9

In what follows, X is a perfect and compact metric space.

Lemma 2.3. Let p € M(T') and let U be an open basic (weak) neighborhood of pi. Then,
there exist mg,ng € N such that for each m > mqg and each n > ng, p, € UNM(T), where
x = (z;) € X is a T-periodic point with period s = mn and x; # x; ifi # j,4,j=1,...,s.

Proof. We present the proof in details for the reader’s sake. For each k& € N, let 7, denote
the projection of X onto Hlik M and let

Ce(X) ={f 1 f e C(X) andif m(z)=m(y), then f(z)— f(y) =0},

In other words, Cy(X) is the set of functions f € C(X) which depend only on the coor-
dinates (z_g,...,2x). The functions that belong to Cy = U5, Ck(X) are called finite-

dimensional.

Consider an arbitrary basic open neighborhood of p in M(T'), that is, a set of the form

<e}.

where € > 0 and F' is a finite subset of C(X). Since Cj is dense in C'(X), one may (and
shall) assume that F' C Cy(X), for some k.

U-{uGM(T)|f€F—>’/fdu—/fdu
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Let {Q1,...,Qn} be a partition of @) into Borel sets of positive p-measure on each of
which the oscillation of f*(2) := lim, e = >.i | f(T"2), for each f € F, is less than /2
(here, @ is the set of quasi-regular points, that is, those points for which f*(x) is defined
for every f € C(X)). Choose points x? = {xf} € Q; (j=1,...,N). Then, for each
fer,

DN ™

/Q Frdu= " (@) (@) <

Now, by a theorem of Kryloff and Bogoliouboff (see [37], p. 118), u(Q) = 1, and by the
Ergodic Theorem, it follows that fQ frdu = fQ fdu.

Set, for each n € N, f,(z) = 13" | f(T"x). Hence, there exists ng € N such that, for
each n > ng and each f € F|,

|/fdu—an () (@) <5

and
(2k +1)(2L)

n

<

Y

DO ™

where L = max{||f]| | f € F}. Fix n > ng and note that there exists mg € N such that,
for each m > mg and each f € F, one can approximate the numbers p (Q);) by positive

rational numbers m;/m such that

‘/fdu— > (2 % < g (2.4)
j=1
and
N
ij =1m
j=1

For each j =1,..., N, denote by B; the n-block

R W J
B; = [xl,...,xn},

58



and form the mn-block

Let x be the point of X with T-period mn such that
(1, ... Ton| = B.
Thus, for each f € C(X), and therefore, for each f € F, one has
f(Tix):f(Tixl) for k+1<:1<n—k.
By a simple procedure, one gets

(2.5)

Frn(@) =3 fu (o) 7

Now, since x has T-period mn, it follows that

[ faie = fno) (2.6)

Finally, by combining (2.4)), (2.5) and ({2.6)), it follows that, for each f € F,

'/fdﬂx—/fdﬂ

Therefore, pu, € UNM(T), where x is a T-periodic point of period s = mn > mgng =:

< €.

sg. In order to complete the proof, just note that since each point of M is a limit point and
since each f € F'is continuous, one can choose x such that x; # z; if 1 # j, 4,7 =1,...,s,

keeping the estimates as before. O]

Proposition 2.7. Let p € M(T) and let ¢ > 1. Then, each (weak) neighborhood, V', of
p contains p € M(T) such that D (q) = +o0.
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Proof. Let 0 > 0 and set

V:VM(fla"' >fd;6):{o—€M ‘ ’/f]d:u_/f]do—

<5,j:1,...,d},

where each f; € C'(M?%) (this is the set of continuous real valued functions on M%, endowed
with the supremum norm). One can further assume that there exists an N such that, for
each j =1,...,d, one has f;(xz) = f;(y) if, for each |i| < N, z; = y;. Note that, since M

is compact, functions of this type form a dense set in C'(MZ%).

Let L = sup{|f;(z)| |z € M?%, j=1,...,d}, let kK > 0 be such that

Kk < (S8L)712 Nt 5
(2.7)
1—(1—r)* < (8L)714,

1/(g—1)
and set S = 1+ <%> . It follows from Lemmathat there exists a T-periodic
point w = (w;) € M%, with period s = mn, where m > max{mg, S} and n > max{ng, S},

such that for each i # j, 4,5 =1,...,s, w; # w; and p,, € V,(f1, -+, f2;0/2).

Following the proof of Lemma 7 in [51], one defines, for each fixed s > sy, a Markov

chain p whose states are wy,--- ,w,, whose initial probabilities are given by the s-tuple
(1/s,---,1/s), and whose transition probabilities are given by the s x s-matrix p;;, where
Ps1 = I -k,
Piiv1 = 11—k fore=1,...,5s—1,
R .
Dij = 1 otherwise.

One can show (see the proof of Lemma 7 in [51]) that p € V,,, (f1,-- -, fa;0/2), from
which follows that p € V,(f1, -, f4;9).

Now, by Proposition , one just needs to prove that 13;“ (q) = oo. Lete € (0,min{1,&¢}),

with e := min{|w; —wy| : i,l =1,...,s}, and set n = ng(e).

Set C" = [-mya;_,,...,a;] = {(Wi)iez € X | Yo = @i,y Yo = a;,}, with
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ai_,y-.-ya;,, € {wy,...,ws}. For each x € C™, it is clear from the choice of ¢ that

n

cn C Bn(x7€> = {(yl)zGZ € X ’ Yi € B(xi7€)7 i = _nv"'an} and that p(B”(J;,g)) =
p(C™).

Note that, as in Lemma 7 in [51], there are s sets of the form C" = [-n;a;_,, ..., a; ]
(which we will refer as the (n-th level) cylinders) that can be split into two groups, say
P and (). Then P consists of those s sets which contain an element of the orbit of w.
The second group, @, splits into the groups Q1, - , Q2,, where ), is the group of those
s (2;) (s—1)P (n-th level) cylinders for which there are exactly p placesi = —n, ..., n where
a;+1 is not the natural follower of a;, in the sense that if a; = w; and a;,.1 = w,,, then

m # 1+ 1(mod s). For each j =1,...,s***!, denote by C? these (n-th level) cylinders.

Thus, since I7(q, ) depends only on the values taken by p(B"(v,¢)) when z ranges

over the s (n-th level) cylinders described above, one has

[oE@aapw = 3 [ oy + [ s (B ) )

2n+1 2n+1

s

— Z/ Cmqldp chnql Cm)
7j=1

n
7j=1 J

- z AT DGO 9 SWle

crep p=1 C"eQ,

B (i 1_“%) +Z > —pa P e (228)

p=1 C"eQyp

where we have used, in the second inequality, that for each x € C™ and each 0 < ¢ < &g,

p(B"(x,e)) = p(C™), as previously discussed.

Now,
1 omn 1 PN
E e coopl - —1)Y. = 1 — x)2n—p)a
Cner quaf’ruaf'rr‘rl pan,l,an § < p > (S ) Sq (S _ 1) ( K/) )
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and therefore,

2n 1 2n m, K4 P
S 3 et = ()i () e

p=1 C"€Qp p=1

= (s = D)+ (1= )T = (1= R)P)2.9)
Thus, combining (2.8)) with (2.9), one gets

/ p(B™(z,€)) tdp(zx) = s [(1 — )P4 (s — 1)K+ (1= R)1) T = (1— ﬁ)%q}

= g4 ((s — DR 4 (1 - Ii)q)Qn

Recall that, by Lemma one hasn > (£—1)!/2—1. Note also that log ((s — 1)' 7.7 + (1 — k)7) <
0 by the definition of S. Thus,

log [ p(B"(w2)" dpla) = og (5170 (s = 1+ (1= 7))
= (1—q)logs+2nlog ((s—1)"""7+ (1 — k)7
< (1—q)logs+ (2(1/e — 1)* = 2)log ((s — 1) k7 + (1 — K)1)

from which follows that

log [ p(B" (@) Mdpla) _ (1-q)logs _ 2log (s = )" W + (1= m))) |

(g—1)loge ~ (¢g—1)loge (¢ —1)loge
— 1)1-4qr4q — )4 _1)1/2
2log (s —1)' k94 (1 — k)7 (1/e — 1) . (2.10)
(¢—1) loge
Letting € — 0, one gets ﬁ;(q) = +400. O

Remark 2.5. It is clear from inequality (2.10) that the metric r for which the previous
result is valid must necessarily be sub-exponential, since in this case, lim._, ]‘ll(;g/ 3 = 400,
where h is the inverse of the (invertible) function f : [0,00) — (0, 00), defined in such a

way that, for each n € NU {0}, f(n) := a, (see the discussion immediately after (2.1))).

Moreover, if one considers the exponential metric 7(z,y) = > 59 min{2~ % d(xp, yi)},

9=kl _d(@k:yr)

orevenr(z,y) =3 x50 Triter D) (naturally, one can replace a,, = 271" by a,, = ¢=I"!,
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with ¢ > 1 and « > 0), then for each ¢ > 1,

2|log((s —1)"7k7 + (1 — £)?)]

Dya) < (g —1)log2 ’

(2.11)

with p, k and s defined as in the proof of Proposition [2.7]

Namely, if ng € N is such that 27" < & < 270+ then it is easy to see that for each
n > ng and each z € X, C"(x) C B(x;¢); thus, as in equation ([2.8]),

[osa oyt = X [ pBaoytim + [ s p(B ) o)
> 30 [ olCprpta) = 17 (= 1) (1= )

Jj=1 J
from which follows that (for € € (0, min{1,e0}) and n = ny)

log [ p(B(x,e))" tdp(z) _  logs ;. 2(|loge| +log 2)|log ((s — D'k + (1= k)7) |
(¢ —1)loge ~ |loge| (¢ —1)(log 2)|loge|

Letting ¢ — 0, one gets (2.11)). In particular, given n > 0, there exists a dense set of the
Markov shifts p such that Df(q) < n; namely, just choose x small enough and s large
enough so that |log((s — 1)'79k% + (1 — k)9)| < (n(q — 1) log2)/2, and we are done.

2.3 Proof of the Theorems 2.1 and 2.2

Proof (Theorem [2.1)). Since, by Proposition [2.1]
DL ={peM(T)| d;(n) =0} C FD ={pue M(T)| D;(n) =0},

the result follows from Propositions [2.3] and 2.5 O
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Proof (Theorem [2.2)). The result is a direct consequence of Propositions[2.4 2.6|and 2.7}
O

Remark 2.6. It follows from Remark that if Theorem is true for the product
space X endowed with an exponential metric, then the proof will follow from a different

argument than the one presented in the proof of Proposition 2.7
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CHAPTER III

DIMENSION OF INVARIANT MEASURES OF
EXPANSIVE HOMEOMORPHISMS AND AXIOM
A SYSTEMS

Again, as in the previous chapters, we begin making some comments and observa-
tions about the results obtained here, as well as some of their dynamical and topological

consequences. The proofs of central results (Theorems [3.1] Proposition [3.1] and Coro-
llary , are presented in Sections and .

Our first result in this chapter present, under some hypotheses, lower and upper bounds
for the generalized fractal dimensions of any Borel probability measure defined on a com-

pact metric space.

Theorem 3.1. Let X be a compact metric space, let p be a probability Borel measure on
X and suppose that there exist constants a < 5 € (0,00) such that, for each x € supp(u),
a<d,(r) < d,(z) < B. Then, for each s <1 and each q > 1, one has

o <D (q) < D, (1) £ D(1) < D}(5) < B

= pu

It follows from Lemma that f-homogeneous measures (see Definition satisfy
the hypotheses of Theorem In particular, the next result, which is already known
in the literature (see Theorem 2.5 in [54] and [42]), is an extension of Young’s formula
([59], Theorem 3.1) to the generalized fractal dimensions of the Bowen-Margulis measure
(see Introduction) associated to a C'T*-Axiom A system over a two-dimensional compact

Riemannian manifold.
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Proposition 3.1. Let T : X — X be a C*"*-Aziom A system (o > 0) over a two-
dimensional compact Riemannian manifold M (as in Remark . Suppose that p is its
Bowen-Margulis measure and let A\i(n) > Aao(p) be its Lyapounov exponents. Then, for
each q € R,

1 1

D) = D) = () |5~ 3. 31)

Definition 3.1. Let X be a metrizable space and let f : X — X be a homeomorphism.
One says that d is a hyperbolic metric for X if there exist numbers k£ > 1 and £ > 0 such
that, for each z,y € X,

max{d(f(x), f(y)), d(f " (z), f(y)} > min{kd(z,y),e}. (3.2)

Moreover, both f and f~! are Lipschitz for d.

The following results show that if X is a metrizable compact space, then a home-

omorphism f : X — X is expansive if and only if X admits a hyperbolic metric (see

Definition [[.21)).

Theorem 3.2 (Theorem 5.1 in [I8]). If f : X — X is an expansive homeomorphism of
the compact metric space X, then there exist a hyperbolic metric for X which is compatible

with its topology.

Theorem 3.3 (Theorem 5.3 in [18]). Let f : X — X be a homeomorphism of the metri-
zable compact space X. Suppose that there exists a metric d on X defining its topology
and numbers k > 1, > 0 such that, for each x,y € X,

max (d(f(z), f(y)),d (f~'(z), f'(y))) Z min(kd(z,y),e).

Then, f is expansive and

where Cyq(X) and (dimp)q(X) are, respectively, the upper capacity and the Hausdorff
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dimension of X with respect to d; h(f) stands for the topological entropy of f (see (C.1))).
In particular, Cy(X) and (dimy)q(X) are finite.

The next results present, for an expansive homeomorphism over a compact metric
space, some estimates for the generalized fractal dimensions of its invariant measures in

terms of the metric entropy (see Appendix [C| for the definitions).

Theorem 3.4. Let f : X — X be an expansive homeomorphism over a compact metric
space X, and let d be the respective hyperbolic metric. Then, for each invariant measure

p € M(f) and each ¢ > 1 one has D (q) < h,(f)logk.

Theorem 3.5 (Theorem 6 in [50]). Let f : M — M be an Aziom A diffeomorphism.
Then,

M = {pn e M(f) | hu(f) = 0}

is a residual subset of M(f).

One may combine Theorem with Theorem [3.5] in order to obtain the following

result.

Theorem 3.6. Let T : X — X be a C'-Aziom A, and let ¢ > 1. Then, the set
€Dy = {n € M(T) | D} (q) = 0}

is generic in M(T).

Theorem may be combined with Proposition [[.2] in order to produce the following
result. Let ¢ > 1; if u € C' Dy, then there exists a Borel set Z C X, u(Z) = 1, such that
for each z € Z, one has a,(z) = D,(q) = 0.

This means that if x € Z, since o,(x) = 0, it follows that given 0 < o < 1 and
R > 0, there exist § > 0 such that if 0 < |¢] < 8 = min{d, R}, then there exists
N = N(z,a,) € N such that, for each n > N, one has C,(z,n,¢) > @D Thus, we
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have that

v = card{(i;---i,) €{0,1,--- ,n}? | d(T%(x),T"(x)) < e for each 0<j,1<q}

> gla=1a n;

thus, the quantity ~ is of order n? for each n large enough. This means, as we have seen,

that the orbit of a p-typical point is similar to a periodic orbit.

The next result in another direct consequence of Theorem [3.4]

Corollary 3.1. Let X be a compact metric space, let f : X — X be a homeomorphism
and let ¢ > 1. If there exist a hyperbolic metric d compatible with the topology of X and
p € M(f) such that Df(q) >0, then h(f) > h,(f) > 0.

3.1 Generalized fractal dimensions for f-homogeneous

measures

In this section we prove, for an f-homogeneous measure, some estimates on the generalized
fractal dimensions of such measure in terms of its Lyapunov exponents (for a hyperbolic
measure) and metric entropy. First, we present the proof of Theorem , and then we
prove some inequalities involving the local uniform dimensions of an invariant measure

which are required for the other results. This section was inspired by [I], 48] [59].

Proof (Theorem (3.1]). Since the arguments used in the proof of the first and the
last inequalities are similar, we just present the proof that, for each ¢ > 1, D (q) > a.

The second and the fourth inequalities come from Proposition [[.2

Fix ¢ > 1, let « € supp(u), and let n > 0; then, there exists an e(x) > 0 such that, for
cach ¢ € (0,e(x)) and each y € B(z,¢),

logu(B(y,€)) o ¢ logu(B(y:€))
loge T yeB(ze) loge -
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Thus, for each z € supp(p) and each n > 0, there exists an £(x) > 0 such that, for each
e € (0,e(z)) and each y € B(x,¢),

p(B(y,e)) <™. (3.3)

Now, since {B(x,e(2)) }zesupp(n) 18 an open covering of the compact set supp(), there
exists a finite sub-family of { B(z, £(2)) }zesupp(u) Which also covers supp(p). Let {B(z;, e(z;))}r,

be this sub-covering and let (k) := min{e(xy),...,e(zx)}-

Consider the following (finite) covering of supp(u) by balls of radius e(k):

N
supp(p) C | B(y;. (k).
j=1
where y; € B(z;,e(;)) for some [ € {1,...,k} (note that since, for each [ € {1,...,k},
B(x,e(x;)) is compact, the open covering {B(v,e(k)}1yeBlaey Of B(xy, (7)) admits
a finite sub-covering). Now, let {A;}}Z, be the disjoint covering of supp(u) obtained by

removing the self-intersections of the elements of the previous covering; then,

M
supp(u) = (4 A; N supp(p). (3.4)

j=1
Fix j € {1,...,M} and let y € A; Nsupp(p); there exists an [ € {1,...,k} such that
y € B(xy,e(x;)) Nsupp(p). It follows from (3.3) that, for each 0 < ¢ < e(k) < e(x;), one

has

Therefore,

/ W(B(y, &))" \duly) = / W(B(y, 2))" dpu(y)
A AjNsupp p

J

(3.5)

VAN
;\
o
)
»n
o
g
S
=
[©)
T
=
R
3
o9
=
—~
<
N~—
I
™
5
=
R
=
=
—~~
b
<
N—
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Now, by (3.4) and (3.5, one gets

[ ey ) = p(Bly, )" du(y)
supp(u) 5=, AjNsupp
N Z /Ajﬁsupl%u Iu(B(y, 8))(1_ d“(y)

Jj=1

M
< Z gl (4))
j=1

— gla=Dla=n)

Thus,
108 [ ooy 1By, €))7 dpu(y)
D, (¢q) = liminf J pR(k) >a—1.
! e=0 (g—1)loge
The result now follows, since n > 0 is arbitrary. a

Lemma 3.1. Let (X, f, 1) be a dynamical system such that X is a Polish metric space
and p € M(f).

i) If f is a continuous function for which there exist constants A > 1 and 6 > 0 such

that, for each x,y € X so that d(z,y) < 9, d(f(z), f(y)) < Ad(z,y), then for each

re X,
h,(f,x)
(z) > & : :
d(o) = 2 (3.5
Moreover, if p € Mc(f), it follows that
- hu(f)
> 2 :
dinig 1) 2 145 (3.7)

i) If f is a continuous function for which if there exist constants X > 1 and 6 > 0 such

that, for each x,y € X so that d(z,y) < 6, Nd(x,y) < d(f(z), f(y)), then for each
reX,

(3.8)



Moreover, if X is compact and p € M.(f), it follows that

. + <
dimp (p) < log A

— log M(B($, n, 5))

Here, Eu(f’ x) = lim._,¢ lim sup(inf),, 0o is the upper (lower) local

entropy of (X, f, 1) at x.

Proof. i) Claim 1. One has, for each z € X, each n € N and each 0 < ¢ < min{1/2,§/2},
B(z,eA™™) C B(z,n,¢), where B(z,n,e) :={y € X | d(f(z), f'(y)) <&, Vi=0,...,n}
is the Bowen ball of size n and radius €, centered at x. Namely, fix x € X, n € N and
0 < e <min{l1/2,6/2}, and let y € B(x,eA™"); then, since eA™™ < 4, one has, for each
i=0,...,n,d(f(z), f'(y)) < &, proving the claim.

Now, it follows from Claim 1 that, for each y € B(x, 5A2_n) and eachn € N, B(y, U\T_n) C
B(z,eA™™) C B(x,n,¢). Then,

log ju(B(y, 7))

d,;(r) = liminf  inf

—H n—00 yeé(m, sAQ—” ) IOg —EA;TL
. logp(B(z,n,¢)) 1
Z lim inf _ —loge log 2
n—o00 n —n _|_ log A _|_ _n
1 B 1
n—00 —n log A

Thus, the result follows by taking ¢ — 0 in both sides of the inequalities above.

Now, if € M.(f), it follows from Lemma 2.8 in [44] that h,(f,r) = p-essinf b, (T, y)
is valid for y-a.e. @, and then, by Theorem 2.9 in [44], that h,(f,z) > h,(T) is also valid
for p-a.e. x. Relation (3.7)) is now a consequence of relation ([3.6) and Definition .

ii) Claim 2. One has, for each z € X, each n € N and each 0 < ¢ < §, B(x,n,e) C
B(x,eA™). Namely, fix z € X, n > 1and 0 < ¢ < §, and let y € B(z,n,e) so
that, for each j = 0,...,n, d(f/(z), f/(y)) < € < §; it follows from the hypothesis that
ANd(z,y) < d(f™(x), f"(y)) < e, and therefore that d(x,y) < eA™™.
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Now, it follows from Claim 2 that, for each y € B(a:, eA ") and eachn € N, B(z,n,e) C
B(z,eA\™™) C B(y,2eA™"). Then,

logp(B(w,n,)) 1 logu(B(a,n,2)) 1
lim sup = limsup ) log 2
n—00 -n log)\ n—00 —-n %—f—log)\—%
1 B(y,2eA™"
> lmsup sy BB < )
n—=00  yeB(z,eA"") IOg 2eA

= d,(z).
Thus, taking € — 0 in both side of the inequalities above, the result follows.

Now, if p € M.(f), it follows from Brin-Katok’s Theorem that, for p-a.e. z € X,

hu(f,z) = h,(f,r) = hu(f). Relation (3.9) is now a consequence of relation (3.8) and
Definition [L7 m

Remark 3.1. It is straightforward to prove that the local uniform dimensions of a Borel

probability measure coincide with their regular local dimensions:

log u(B(z,¢))

d,(z) = hran_}glf log.c (3.10)
and
~ : log u(B(z, )
d =1 —_— 3.11
p(x) = limsup log = (3.11)
where z € X (if # ¢ suppy, then d,(z) := oo also coincide with the respective local

uniform dimensions). The reason that we deal with local uniform dimensions of invariant

measures instead of the regular ones will become clear in the proof of Theorem [3.2

Remark 3.2. We note that Brin-Katok’s Theorem is pointwise satisfied for f-homogeneous

measures: one has, for each x € X,

lim lim inf — log (B, m,€)) — lim lim sup — log p(B(x,m,€)) = hu(f).

e—=0 n—=0 n e—=0 550 n

Proof. By the definition of a homogeneous measure, for each £ > 0, there exist 0 < §(e) < ¢
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and ¢ > 0 such that, for each n € N and each z,y € X,

u(By,n,8(c))) < cu(B(a,n,e)).
Thus,

1 1
lim lim sup(inf),, 0o — — log u(B(y,n,d(€))) > lim lim sup(inf), o — — log u(B(z,n,€)).
n n

e—0 e—0

Analogously, for each & > 0, there exist 0 < §(¢) < & and & > 0 such that

1 ~ 1
lim lim sup(inf),, 0o — — log u(B(z,n,(£))) > lim lim sup(inf),, oo — — log p(B(x, n, €)).
n n

E—0 E—0

This proves that the limits do not depend on x € X. The result follows now from

Brin-Katok’s Theorem. O

Corollary 3.2. Let (X, f,u) be a dynamical system such that p is an f-homogeneous
measure and f is a function which satisfies the hypothesis of Lemma|3.1l. Then, for each

s <1 and each q > 1, one has

hu(f)
log A

< D} (q) < D; (1) < D} (1) < D} (s) <

Proof. 1t follows from the f-homogeneity of p, Lemma [3.1 and Remark [3.2] that, for each
reX,

hu(f) = hu(f)
<d <d,;(x) <=L
IOgA ——/L’L(‘r)— 1 (:C)— log)\
The result is now a consequence of Theorem [3.1] O

Remark 3.3. The Bowen-Margulis measure is an example of measure that does not belong
to set C'Dy in Theorem [3.6] In fact, one has D,,(¢) = dimy(p) = dimpy (X)) (which is equal

2 when f is Anosov).
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3.2 Proofs of Proposition and Theorem (3.4

Let (X, d) be a compact metric space, and let f : X — X be a continuous transformation.

For each n € N, one defines a new metric d,, on X by the law
dTL(x?y) = max{d(fk(x), fk(y)) k= 07 N — 1}

Note that, for each € > 0, the open ball of radius ¢ centerded at x € X with respect to d,

coincides with the Bowen dynamical ball of size n and radius € > 0, centered at x:
B(z,n,e) ={y € X : d,(z,y) < €}.

Proposition 3.2. The metrics d,, and d induce the same topology on X.
Proof. This is a direct consequence of the fact that f is a homeomorphism. n

Thus, for each € X, each n € N and each r > 0, B(x,n,r) is an open set
Proof (Proposition [3.1)).
PYRD Y

Claim 1. For each x € X, one has d, ;(x) > h, (T [ 1 _ 1 ]

We follow the proof of part 1 of Lemma 3.2 in [59]. Namely, let

A ={x € M|z is regular in the sense of Oseledec-Pesin

and lim liminf og u(B(x, 11,12, €))
e—0 ni, n2—00 nl +n2

= hu(T)}a

where B(x,n1,ng,¢) :={y € X | d(TVz,T7y) < &, j = —na,...,na} is the bilateral Bowen

ball of size ny + ne + 1 and radius .

Since p is an f-homogeneus measure and 7' is a uniform hyperbolic transformation
(note that the discussion presented in Remark can be adapted to bilateral Bowen
balls), it follows that A = M (see [50, 52]). Let y; = e*. For each x € M and each & > 0,
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it is straightforward to show (as in [59]) that

1 1

X1+2¢ T Xo 42 |’

Gil2) 2 (h(T) =) | (o 1
1—¢ 0g “4—

—H,

indeed, it is possible to show that, for each p > 0 and each y € B(x, K(z)"'p/2), one has

By, K(x)"'p/2) C B(x, K(x)"'p) C B(z,n1(p),n2(p), p),

where K(x) : M — R is a function that relates the distance in the x-chart and the
Riemannian metric on M by the formula || - — - ||, < K(x)d(-,-). Since € > 0 is arbitrary,

the claim follows.

Claim 2. For each x € X, one has d,,;(z) < h,(T) [/\il - /\%]

We follow the proof of part 2 of Lemma 3.2 in [59]. Namely, since X is a uniformly
hyperbolic set, one may define ¢ : X — R by the law

¢(x) = ¢ = ALK min{(x1 +2¢) ™), (xz ' +2¢) 7'},

where A; = inf,cx A(x) > 0 and K := sup,cx K(x) < oo (see the proof of Lemma 3.2
in [59] for details).

Now, since p is f-homogeneous, it follows from Mané’s estimate that, for each z € X,

10g(M(B(ZL‘, ni, N, gb))) S hM(T)

lim sup —
ni,no—oo 11 + no

The rest of the proof follows the same steps presented in the proof of Lemma 3.2 in [59],

taking into account that Ay = X.

The result follows now from Claims 1, 2, Theorem and Proposition [I.2| (for the case
q=1). O
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Remark 3.4. As in Theorem 4.4 in [59], one has, for each ¢ € R, that

D(a) = () = 000 = Calo) = Calp) = B0 = R = hy(0) - = 1|

where C (1), C(1t), C (1), O (i) are the capacities and R(u), R(p) are the upper and lower

Renyi dimensions of .

Proof (Theorem [3.4)). It suffices, from Proposition [[.2} to prove the result for ¢ = 1.
It follows from Theorem that there exist a hyperbolic metric d which induces an
equivalent topology on X, and numbers k£ > 1, ¢ > 0 such that f is expansive under this

metric and, for each 0 < r < ¢/k and each x € X, B(z,n,r) C B(x,k~"r). Thus,

[ tog p(Bla,k~"r))du(z) _ [ log a(B(w,n,1)du(a)
log k—"r - log k—nr '

(3.12)

Claim.

imsup J log u(i(gwé?;:))du(x) < h(f)logk.
Following the proof of Brin-Katok’s Theorem, fix r > 0 and consider a finite measurable
partition £ such that diam ¢ = maxcee diam(C) < r. Let £(x) be the element of £ such
that « € £(z), and let C5(z) be the element of the partition &, = \/;"_ f~'¢ such that

x € C&(x). Given that £(z) C B(x,r), one has
Cile)= () [ ) () £ (B '2,r) = Bla,n, 1),

from which follows that

[log u(B(x,n,r))du(x) < Jlog u(C4(x))du(x)  H(&,)

—n —n n

Y

where H(&,) = — o yee, #(CS(@)) log u(CS(x)) = [ — log ju(CE(x))du(x). Thus,

log 11(B d
hmsupf og (i(B(x,n,7))du(x) < lim sup

n—oo —-n n—oo

T _ (1.9 < mr),
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proving the claim.

Now, since for each 7 > 0, each k > 1 and each n € N, [log u(B(z,k™"r))du(z) is
finite (by (3.12) and Lemma 2.12 in [57]), it follows from an adaptation of Lemma A.6

in [35] that
limsup L 108 #BEr)du(@) o log (Bl k7)) dp(x)

3.13
r—0 log r n—sco log k="r ( )

One concludes the proof of the proposition combining relations (3.12)) and (3.13) with

Claim. O
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CONCLUSIONS

By Theorem , one concludes that, typically, invariant measures associated with
the full-shift system 7" in a product space X = M?%, whose alphabet M is uncoun-
table (M is a perfect and separable metric space), have zero Hausdorff dimension,
zero lower rate of recurrence, zero lower quantitative waiting time indicator, infinite
packing dimension, infinite upper rate of recurrence and infinite upper quantitative

waiting time indicator, with supp(u) = M.

This implies that a typical measure is supported on set Z that is totally disconnected
(given that dimy,,(Z) = dimy(Z) = 0); even more, one may take Z as a dense Gj
subset of X. Moreover, given x € Z, there exists a time sequence (time scale) for
which the first incidence of O(x) (the orbit of ) to one of its spherical neighborhoods
(which depend on time) occurs as fast as possible (that is, it is of order 1; this means
that the first return time to those neighborhoods increases subpolynomially fast);
accordingly, there exists a time sequence for which the first incidence of O(x) to one of
its spherical neighborhoods increases as fast as possible (that is, super-polynomially
fast). One also concludes that almost every T-orbit O(z) densely fills the whole

space.

By Theorem and Corollary , one concludes that if a topological dynamical
system has a dense set of periodic measures (this is true if the systems satisfies the
specification property; see Appendix , then typically an invariant measure has, for
each ¢ > 0, zero lower g-generalized fractal dimension. This implies, in particular,
that a typical invariant measure has zero upper Hausdorff dimension and zero lower

rate of recurrence.

Again, as in 1), one concludes that a typical measure is supported on a subset Z of X
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that is totally disconnected and dense. Furthermore, given x € Z, the first incidence
of O(x) to one of its spherical neighborhoods occurs as fast as possible (that is, the

first return time to those neighborhoods increases subpolynomially fast).

By Theorem [2.2] one concludes that for the full-shift system (X, T) (where X = M?
is endowed with a sub-exponential metric and the alphabet M is a perfect and
compact metric space), a typical invariant measure has, for each ¢ > 1, infinite upper
g-correlation dimension. Under the same conditions, a typical invariant measure has,
for each s € (0,1) and each ¢ > 1, zero lower s-generalized and infinite upper ¢-

generalized dimensions.

This implies that the orbit of a point x € Z has a very complex structure, being
“tight” for some spatial scale, and spreading fast throughout the space for another

scale.

One concludes, by Theorem and Lemma , that given a topological dynamical
system (X, f, 1), where f is Lipshitz and p is an ergodic hyperbolic f-homogeneous
measure with positive metric entropy, its lower g-correlation dimension is positive,

for each g € R.

Proposition states that an ergodic hyperbolic f-homogeneous measure associated
with a C*9-Axiom A diffeomorphism (§ > 0) over a two-dimensional Riemannian
manifold, f : M — M, has correlation dimension equal to h,(f)[1/A1 —1/Xs] (where

A1 and Ay are the Lyapunov exponents of p).

Theorem states that if 7' is a C'-Axiom A, then {u € M(T) | D (q) = 0,
q > 1} is a residual subset of M(T). Furthermore, by Corollary [3.1] if there exist a
hyperbolic metric d compatible with the topology of X and u € M(f) is such that
D (q) > 0, then h(f) > h,(f) > 0 (that is, the system is chaotic in this metric).

We can even say that the positivity of these fractal dimensions (that is, Hausdorff, pac-
king, correlation dimensions) indicates that the system has a kind of chaotic behaviour,

something that is related to the positivity of the topological entropy. Nonetheless, for the

full-shift system over X = R” (where {yx € M(T) | h,(T) = 0} is a residual subset of
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M(T)), we can conclude that the chaotic behaviour is somewhat mild in the invariant sets

where such measures are supported.

Certainly, fixed a dynamical system (like the full-shift over an uncountable alphabet
or more general topological dynamical systems), we have seen that the study of generic
dimensional (and of the rates of recurrence) properties of invariant measures has posed a
different (and more refined) way to understand the behavior of typical orbits (with respect

to such invariant measures).

In this setting, we would like to answer the following questions. Fixed a Borel proba-
bility measure defined on a Polish metric space (with certain dimensional and recurrence
properties), for what kind of transformations such is an invariant measure? Is this true

for a generic set of transformations over this space?
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Appendix A

Proof of Proposition [I.1

Proof (Proposition [I.1]). Since the arguments in both proofs (for Hausdorff and packing

dimensions) are similar, we just prove the statement for dim}(x) and dimp(p).

a) dimp(yu) = p-esssupd,(x). Let a > 0. We show that if p-esssupd,(z) < a,
then dim}(u) < a. In fact, since p-esssupd,(r) = inf{a € R | p({z | d.(v) < a}) =
1} < @, one has u({z € X | d,(z) < a}) = 1. It follows from the Definition [I.7| that
dimp () < dimp({z € X | du(z) < a}). Now, by Corollary 3.20(a) in [14], one has

dimp({z € X | du(z) < a}) < a. Thus, dim}p(p) < o

Conversely, we show that if dim}(u) < a, then p-esssupd,(r) < a. Suppose that
there exists 0 > 0 such that p-esssup Eu(x) > « + 0; then, by the definition of essential
supremum of a measurable function, there exists £ € B, with u(E) > 0, such that for
each z € F, d,(r) > a+6/2. Then, by Corollary 3.20(b) in [14], dimp(E) > a+4/2, and
therefore, dimp (i) > a + §/2. This contradiction shows that p-esssupd,(z) < a.

b) dimp(u) = p-essinfd,(x). Let a > 0. We show that if u-essinfd,(r) > «, then
dimp(p) > . By the definition of essential infimun of a measurable function, p(A) = 1,
where A == {x € X | d,() > a}. Since, for each E € B, u(E) = p(ANE) (E\ A C A°),
one may only consider, without loss of generality, those sets & € B such that £ C A.
Thus, for each A D E € B so that u(E) > 0, it follows from Corollary 3.20(b) in [I4] that
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dimp(F) > a. The result is now a consequence of Definition [I.7]

Conversely, we show that if dimp(x) > «, then p-essinf d,(z) > a. Suppose that there
exists § > 0 such that p-essinfd,(r) < a — §; then, by the definition of essential infimum
of a measurable function, there exists E € B, with u(FE) > 0, such that for each z € E,
d,(r) <a—3/2. Thus, E C {z € X | d,(v) < a—§/2} = C and dimp E < dimp C.
Then, by Corollary 3.20(a) in [14], dimp(F) < a—0/2, and therefore, dimp(p) < a—0/2.

This contradiction shows that u-esssupd,(z) > a. O
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Appendix B

Specification property

The specification property is defined as follows:

Definition B.1 (see [53]). One says that a homeomorphism f : X — X has the specifi-
cation property (abbreviated to f satisfies specification) if for each & > 0, there exists an

integer m = m(e) such that the following holds: if

a) Ih,..., I are intervals of integers, I; C [a, b] for some a,b € Z and all j,

b) dist (1;,I;) > m(e) for i # j,
then for arbitrary xq,...,zp € X, there exists a point x € X such that

1) frem@) = o,

2) d(f™(x), f*(z;)) < e forn e Ij.

One can interpret this definition as follows: given € > 0 and any finite number of pieces
of orbits, sufficiently separated in time, one can find a periodic point, which e-shadows

the specified pieces of orbits.
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Appendix C

Entropy in dynamical systems

Topological entropy

Let (X, d) be a compact metric space, and let f : X — X be a continuous transforma-

tion.

Let n € N and € > 0. Recall that a subset F' of X is said to be an (n, ¢)-generating if,
for each = € X there exists y € F' such that d,(z,y) < €.

Let R(n,e) be the smallest cardinality of an (n, €)-generating set for X with respect to
f. Then, the following limit exists, and it is called the topological entropy of f (see [58]):

1 1
h(f) := limlim sup — log R(n, ¢) = lim lim inf — log R(n, €). (C.1)

e=0 n500 N e=>0 n—oo N

Another equivalent approach consists in considering an (n,¢)-separated set. A set
) # E C X is called an (n, e)-separated set if, for each z,y € E, there exists an 0 <i <n
such that d,,(z,y) > e. Let S(n,e) be the maximal cardinality of an (n, £)-separated set.
Then (see [58]),

1 1
h(f) = lim limsup — log S(n, ¢) = lim lim inf — log S(n, €). (C.2)

e=0 pn500 N e—=0 n—oo N
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Metric entropy

Definition C.1 (Metric entropy). Let (X, B(X), f, ) be a dynamical system (that is,
€ M(f)). One defines the entropy of a finite partition, Q, of X by the law

H,(Q) == u(E)logu(E).

EeQ

If P and Q are two partitions of X, set PV Q := {FNE | F € Pand E € Q}. The
metric entropy of (X, B, f, u) relative to the partition Q is defined by the law

1 _ n
half, Q) = lim ~H,(QV [7QV v fQ)
Finally, one defines the entropy of the dynamical system (X, B(X), f, 1) by

hu(f) = sup b (f, Q),

where the supremum is taken over all finite partitions, Q, of X.

Definition C.2. Consider a compact metric space (X, d). Let f: X — X be a continuous
map and g an invariant Borel measure. We define the lower (upper) local (pointwise)
entropies as follows:

h = lim lim inf 11 (B( )

hy,(f,2) = lim limin —logp(B(z,e,n

_ 1 :
h,(f,z) = limlimsup —— log pu (B(z, €, n))
E— n

0 n—oo

Note that the limits in € exist due to monotonicity. We say that the local entropy exists

at x if

hu(f7 ZE) = E,u(fv I) = E,u(f, l‘)
The following result gives an alternative representation of the metric entropy for some

parti-cular dynamical systems on compact metric spaces. It is considered the topological

version of Shannon-McMillan-Breiman’s Theorem.
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Theorem C.1 (Brin-Katok [10]). Let (X,d) be a compact metric space, let f: X — X

be a continuous function, and let up € M(T') be non-atomic. Then, for p-a.e. x € X

1) hu(f,2) = hy,(f,2) = hu(f, @),

2) h,(f,x) is an f-invariant function and

3) [ hu(fsx)dp = h(f).

Since for ergodic dynamical systems, invariant functions are constant a.e., one has the

follo-wing corollary of Brin-Katok’s Theorem.

Corollary C.1. If (X,B(X), f, 1) is an ergodic dynamical system, then h,(f,z) = h,(f)
for p-a.e. v € X.

The following definition and results are generalizations of the Brin-Katok Theorem for

complete and separable metric spaces.

Definition C.3. The lower and upper local entropies of f relative to u, denoted respec-

tively by A'(f) and %" (f), are defined as

e—0 n—oo

1
ﬁifc(f) = p-essinf lim liminf—ﬁlog,u (B(z,e,n)) = p-essinf h,(f, )

and

Jtoc ]. -
h; (f) = p-esssup limlimsup ——log pu (B(x,e,n)) = p-esssup h,(f, ).
=0 nooo n
Lemma C.1 (Lemma 2.8 in [44]). Let X be a complete and separable metric space and
let f: X — X be a continuous transformation. If p is an ergodic f-invariant measure on

X, then
How( ) = / h(f, 2)du(z) and F(f) = / T f, 2)du(x).

Theorem C.2 (Theorem 2.9 in [44]). Let X be a complete and separable metric space and

let f: X — X be a continuous transformation. If p is an ergodic f-invariant measure on

X, then
hu(f) < B (f).
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The follow result is a study of Poincaré recurrence from a purely geometrical view-
point. As we saw, Brin-Katok Theorem show that the metric entropy is given by the
exponential growth rate of return times to dynamical balls. Varandas, in [56], showed
that minimal return times to dynamical balls grow linearly with respect to its length and

gave a relation with local entropy.

Definition C.4. Let X a compact metric space and let f : X — X be a continuous
transformation. The nth return time R,(x,€) to the dynamical ball B(x,e,n) is defined
by

Ry(z,e) =inf {k > 1| f*(z) € B(z,e,n)}.

Theorem C.3 (Theorem A in [56]). Let p be an ergodic f-invariant measure. The limits

— 1 1
h(f,xz) = limlimsup —log R,,(x,e) and h(f,z)=limliminf —log R,(x,¢)

e=0 500 N e=0 n—oo N
ezist for p-almost every x and coincide with the metric entropy h,(f).

Proposition C.1 (Proposition A in [50]). Assume that f : X — X is a continuous trans-
formation and that there exist constants 6, \, A > 0 such that Md(z,y) < d(f(x), f(y)) <

Ad(z,y) for every x,y € X so that d(x,y) < 6. If u is an f-invariant ergodic measure

with positive entropy then

for p-a.e. .
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Appendix D

Some generic results for M-valued
discrete stochastic processes known

in the literature

The following results are well-known in the literature; some of them are valid for more
general systems (such those satisfying the specification property; see Definition [B.1]), but

here we have opted to present them only for M-valued discrete stochastic processes.
Theorem D.1 (see [15, 50, 53]). Let (X, B,T) be the full-shift system over X = [[72 M,

where the alphabet M 1is a separable metric space. Then:

L if X = R?, then the set of invariant measures such that h,(T) = 0 is a dense G4
subset of M(T) (see [51]),

II. M(T) is residual in M(T) (see [38,39]);
II1. the set of invariant measures with full support is a dense Gs subset of M(T);

IV. of M s also perfect and compact, then the set of invariant measures that are non-

atomic is residual in M(T);
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V. the set of invariant measures such that u(F) = 0, for each F € B(X) which is
T-invariant, int(F) =0 and F C X, is a residual set of M(T).

We present a proof of Theorem m-(IH, IV and V). We begin showing that, for a
Polish space (M,d) (that is, for a complete separable metric space), the set of Borel
probability measures over M, whose respective supports contain a given closed set, is a

G (see |15, 50, B3]).

Proposition D.1. Let ) # F C M be an arbitrary closed set. Then,
Bp ={p € M:F Csupp(u)}

15 a Gs set in M.

Proof. Let (x;) be a countable dense set in F'. Then,
Bp = ﬂ{u € M :z; €supp(p)},

so it is sufficient to consider the case F' = {z}. Since

{peM|z¢suwp(p)} = J{neM|upB(x,1/m) =0}

(recall that x € supp(u) if, and only if, for each m € N, u(B(x,1/m)) > 0), one needs to
show that the set M,, , := {p € M | u(B(x,1/m)) = 0} is closed.

Thus, let (u,) be a sequence of measures in M,,, such that g, — p. Since, for
each n € N, p,(B(z,1/m)) = 0, it follows from the definition of weak convergence that
0 = liminf, o pn(B(z,1/m)) > pu(B(z,1/m)). Therefore, u € M. O

The next result shows that the set of T-invariant measures whose topological supports
are equal to the closure of the T-periodic points (a point z € M is periodic if there exists

a minimal positive integer k,, the so-called period of z under T, such that T*z = z),
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P C X, is a Gs-dense set in M(T) (in this setting, u(P) = 1 for each u € M(T); see
Theorems 3.3 and 4.1 in [39]).

Proposition D.2 (see [15, 50, 53]). The set

Cp = {1 € M(T) | supp (1) = P}

1s dense in M.

Proof. 1t is a direct consequence of Theorems 3.3 and 4.1 in [39] that {y € M(T) |
supp(u) C P} = M(T); it follows from this statement and Proposition that it is
sufficient to show that the set By = {u € M(T) | supp (1) D P} is dense in M(T).

So, let {2};>1 be a dense subset of P, and let, for each I € N, \(+) := - foo_l Orig, (+)
> .

be the periodic measure associated with z; (see Lemma 4.1 in [39]). If this sequence of
periodic measures is not dense in M(T"), then one just has to add to it another dense
enumerable sequence of periodic measures, say {v;} (see Theorems 1-(2.2) in [38] and
Theorem 3.3 in [39] for a proof of the existence of such set). Now, let {u,} = {\} U{vn},

and let {y,} be the respective countable dense set of periodic points associated to all of

[hn-

Since {p,} is dense in M(T), it is sufficient to show that given pu € {u,} and € > 0,
there exists v € By such that v € B(u,¢), where B(u,¢) is the open ball of radius ¢
centered at p (recall that M(T'), endowed with the weak topology, is metrizable).

Hence, let = i>1 %,uj; note that n is a T-invariant probability measure such that

supp(n) = P (that is, n € C5). Now, define v := (1 — 5)u + 5n. Then, for each A € B,
one has |[v(A) — u(A)| < ¢, so v belongs to the strong e-neighborhood of 1 (and therefore,

to B(p,€)).

Obviously, v is a T-invariant probability measure; thus, one just needs to check that

supp(v) = P in order to conclude that v € Bp. But then, it is sufficient to show that if
p € {yn}, then p € supp(v).

Let p, be the periodic measure associated with p. It is clear that, for each r > 0,
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tp(B(p, 7)) > 0; then, for each r > 0,

v(B(p.r)) = (1= Du(B(p,r) + Sn(B(p.1)) = Sn(B(p.r))
> grta(Bp.r) > 0.

where k, is the period of p. Thus, p € supp(v), which concludes the proof that Bp is
dense in M(T). O

Proof (Theorem [D.1)). IIL. It follows from Propositions and [D.2] O

Proof (Theorem [D.1)). IV. We follow the same ideas presented in the proof of
Theorem 2 in [50]. For each a > 0, let C'(a) denote the set of measures p € M(T) such
that p({x}) > 7 for some z € X.

(a) C(a) is closed. Suppose that p, is a sequence in C'(a) which converges to u € M(T).
For each n, there exists an x,, € X such that u,(z,) > a. Since X is compact, there exists
a subsequence of x,, that converges to xo € X. So, for each fixed € > 0, it follows from the

definition of weak convergence that u(B(xg,€)) > limsup p,(B(zo,€)) > a. Since € > 0 is
arbitrary, one concludes that p({z¢}) > a, and therefore, that p € C(a).

(b) C(a) is nowhere dense. Suppose, by absurd, that there exists an open set V' C C(a).
Let p > 0 be such that 1/p < a. By Lemma , there exists a periodic point x with period
7(x) > p such that u, € V. Since u,(T"z) < 1/p < a, it follows that pu, ¢ C(a), which
contradics the hypothesis.

Thus,

of nonatomic invariant measures, is a dense G set in M(T). O

nen C(1/n) is a set of first category in M(T'). Its complement, that is, the set

Proof (Theorem D.1). V. Let N := {p € M(T) | u(F) = 0 for each F € B(X)
which is T-invariant, int ' = () and F C X}.

Since Cx(T)NM.,(T) is a dense G set in M(T'), it is sufficient to show that Cx(T)N
M (T) C N. Let p € Cx(T) N M(T), and let F be as in the definition of . Since
X\ F # () is open and supp(p) = X, it follows that u(X \ F) > 0 (every u € Cx(T) gives

91



positive weight to any open set). Now, since p is ergodic and X \ F' is T-invariant (given

that T and T~ are continuous, F is T-invariant), one has (X \ F) = 1, and therefore,

u(F) < p(F) =0. O
A direct consequence of Theorem [D.I}HV is:

Corollary D.1. Let S = {F C X | F is closed and T-invariant}, the set of subsystems
of (X,T). Then, the subsystems F € S such that int(F) = 0 do not form a support set
(that is, p(F) = 0) for typical measures. Furthermore, if X is a compact metric space,

then all the proper subsystem F' € S do not form a support set for typical measures.

Proof. The first part follows by Theorem [D.I}HV. The second part follows from the fact
that the system is topologically transitive. O
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Appendix E

Double sequences

Definition E.1. A double sequence of complex numbers is a function s : N x N — C. We
shall use the notation {s(n,m)}. We say that a double sequence {s(n,m)} converges to
a € C, and we write lim,, ,,_,oo $(n, m) = a, if the following condition is satisfied: for every

e > 0, there exists N = N(g) € N such that, for each n,m > N,
|s(n,m) —a| <e.
The number a is called the double limit of the double sequence {s(n,m)}. If no such a

exists, we say that the sequence {s(n,m)} diverges.

Definition E.2. For a double sequence {s(n,m)}, the limits

Jim i, (o) and - Jim (i o)

are called iterated limits.

Theorem E.1 (Theorem 2.13 in [23]). Let {s(n,m)} be a double sequence of natural

numbers such that lim, ,— s(n,m) = a. Then, the iterated limits

lim ( lim s(n,m)) and lim (lim s(n,m))
n—o00 Mm—00 m—00 N—00

exist and both are equal to a if, and only if:
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1) for each n € N, lim,, o s(n,m) ezists, and
2) for each m € N, lim,,_,, s(n,m) ezists.

Theorem E.2 (Theorem 2.15 in [23]). If {s(n,m)} is a double sequence such that

1) lim, oo (limy, 00 $(n,m)) = a, and

2) lim,, o s(n,m) exists uniformly in m € N,

then limy, 00 S(n, M) = a.
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