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Introduction

The electric charge is a conserved quantity as far as we know. It is a property of matter which
constitutes one of the most important milestones in Physics at the same level as conservation
of energy. Its minimal value (without considering the quarks that cannot be isolated) has
been experimentally determined as a quantized quantity since the nineteenth century and it is

currently accepted as a constant (and exact value) of nature e = 1.602 176 634 x 1071 C [1].

From a theoretical point of view, electric charge is recognized as the global conserved
charge of the Quantum Electrodynamics (QED) symmetry group, U(1)q. In this context, it is
a Noether’s charge. However, at high energies QED is not the governing symmetry anymore,
i.e. there is another gauge theory which explains the particle interactions above certain limit
called electroweak energy scale: The Standard Model (SM). Thus, we have to understand how
electric charges are predicted at this stage even though they are not defined at high energies;

this is the main purpose of this work.

SM is a widely accepted theory thanks to its enormous success in predicting what would
later be important discoveries such as the very existence of some particles, properties of other
particles already discovered and outcomes of some particle physics experiments. This gauge
theory belongs to the symmetry group SU(3)c ® SU(2)r ® U(1)y. For better understanding, it
can be separated into (i) SU(3)¢, which corresponds to Quantum Chromodynamics (QCD),
theory developed in the early 70’s by Politzer [2], Wilczek and Gross [3] in order to describe
strong interactions; and (ii) SU(2); ® U(1)y that corresponds to Electroweak Standard Model
(EWSM) developed in the middle 60’s by Weinberg, Salam and Glashow. The latter describes
the electromagnetic and weak interactions in the same framework at high energies. The EWSM
prototype was done by Glashow [4], while Weinberg and Salam [5, 6] implemented the Higgs
mechanism [7] to generate masses to all particles involved and succeeded in placing the model

as a gauge field theory.
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It is in this EWSM gauge group that some of the most important predictions were made
such as the existence of the vector bosons W and Z as well as the scalar Higgs boson, all of

them confirmed experimentally some years later.

All interactions are written to be a local gauge invariant in the Lagrangian density, which
means that the unitary gauge transformations of all the fields are defined for that purpose.
Also, within this electroweak Lagrangian there are all the interactions between the fields and
their respective gauge bosons that conveying the forces. These gauge bosons (W}*, W', W' and
B* for SU(2)r, ® U(1)y) are massless until a process called Spontaneous Symmetry Breaking

(SSB) takes place. In fact, all particles acquire mass after this process.

Despite all the virtues of SM, it must be said that there are some reasons to believe that it
is an incomplete theory and should be considered, at best, as an effective theory that describes
particle physics only on energy scales that have been experimentally tested; that is, up to

about 13 TeV c.m. in Run 2 of the LHC!!],

Some of the items and questions that reveal the incompleteness of SM are the massive
neutrinos, dark matter, matter-antimatter asymmetry, gravitational interaction, etc. and as
a consequence, SM has to be extended to a more complete theory. In the search for these
extensions it must be considered what types of new very massive particles could exist or what

implications these could have on experiments at accessible energies.

EWSM extensions are described by left-right symmetry groups like SU(2);, ® SU(2)gr ®
U(1)p—r or new chiral groups like SU(3); ® U(1)y. The symmetries inherent to these new
theories occur at high energies and the massless particles represented as new multiplets will
be disjointed to generate massive physical fields when the symmetry breaks down to U(1)g, at

energies in which experiments are developed.

That means that when energy decreases, a limit is evidenced when the symmetry is broken
in a process called "Spontaneous Symmetry Breaking" (SSB) as a result of Higgs mechanism.
For example, above the electroweak scale in EWSM (100 ~ 1000 GeV), Lagrangian obeys the
symmetry SU(2);,®U(1)y where there are no masses at all and the hypercharge is the respective
conserved chargel?!. After this breakdown the symmetry is that of the group U(1)y where the
electric charge is conserved. In the “breaking” process the particles acquire mass so that the

number of degrees of freedom remains unchanged, according to the Goldstone theorem [8].

UIThe design energy is 14 TeV c.m. to be reached in run 3
[2IAs a consequence of Noether’s theorem, by means of it all continuous symmetry leads to a conserved current and
charge.
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This work demonstrates that electric charge of all particles can be predicted from the very
beginning, when the EWSM Lagrangian is defined, and we show how to do it from different
symmetry groups. We are going to assign electric charges in gauge theories such as the minimal
left-right theory that considers the conservation of parity from the beginning and belongs to the
symmetry SU(2);,®SU(2)r®@U(1)y; the 331 theories which explain why there are three fermionic
families and belongs to SU(3)r ® U(1) . Moreover, if we require a gauge theory that includes
the previous two, we must take into account the model SU(3)r ® U(1)x [9-12] and this is also
analyzed. All these symmetries are built respecting the conservation of electric charge after the
breakdown and this fact is used to elaborate charge operators for the different multiplets. In
order to do that, we describe how the SSB occurs also in the gauge transformation operators
getting the electric charges and how they are obtained for almost all multiplets involved in
each symmetry group studied here. In order to achieve that, we have to mention that all of the
mathematical deductions are formally discussed using classical unitary transformations for

gauge theories as is customary in literature.

One of the motivations for this work is that in publications where SM and extensions
are discussed, it is not usual to read a description of the criteria used to choose the particle
content inside the multiplets, presenting them a priori with their respective electric charges.
Here, we suggest that the very process of obtaining electric charge is of the utmost importance
in the multiplets construction at high energies (when breaking is not carried out yet) and on
the other hand, charge operators contextualize the symmetry breaking process within the

principle of electric charge conservation.

To achieve this, the gauge transformation operators must be set up for each multiplet of
the theory depending on the type of multiplet we are considering. So, the relation among the
conserved charges of the symmetries involved in the breaking the electric charges are obtained
is an application of the Gell-Mann Nishijima [13] formula applied to the electroweak interaction
whose mathematical structure is analyzed in the context of a gauge theory. However, this
formula is useful for column vector representations but it is not very clear for other types of

representations. This work is focused on the latter.

Then, the aim of this thesis is to achieve the electric charge operator for exotic multiplets
in different gauge symmetries and demonstrate that it is not necessary to build them up from

the subsequent interactions after the SSB.

Therefore, the charge operators are the main issues in this work and its concept has to be

examined. Since gauge theories are associated with local symmetries and they are generalized
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from global ones, they posses a conserved physical charge. These charges appear to be
generators of their respective symmetry groups. In this way, electric charges are generators of
the global U(1)g symmetry group included in the QED. Besides, weak isospin and hypercharge
constitute three generators of the SU(2), ® U(1)y group of the electroweak theory in the
Standard Model, or the nine generators of SU(3);, @ U(1)y.

These conserved quantities are eigenvalues of Hermitian operators that commute with the
Hamiltonian. For example, electric charges are eigenvalues of () operator which commutes
with Hamiltonian®® [Q, H], and its expected values ¢ are constants of the theory. Applied to a

field particle Qv = ¢, where ¢ is the expected value of ) and v is its eigenstate.

On the other hand, in the quantization process of a field theory satisfying the unitarity
conditions, it has demonstrated, see ref. [14], that charge operator must commute with linear
and angular momentum operators. Also, the electric charge of a particle and its respective
antiparticle have opposite signs, so that Q gets the total charge, Q = ¢ (Ny — Nd?)’ where N

gives the particle and/or antiparticle count as seen in appendix (C).

The charge operator varies depending on the multiplet representation to which it is applied.
In this work @ is calculated for all multiples involved in the Standard Model (Chapter 1) as well

as in three of its extensions (Chapters 2, 3 and 4).

[8lAccording with Ehrenfest’s theorem



Chapter 1

Symmetry of Electroweak Standard
Model

1.1 Description of Standard Model

The Standard Model (SM) of particle physics is treated as a gauge theory that describes the

characteristics and properties of elementary particles as well as their interactions.!!

These particles can be classified, according to their spin, into two groups: fermions and

bosons.

a) Fermions: Half-integer spin particles distributed according to the Fermi-Dirac statistic
and obey the Pauli exclusion principle. The SM classifies this type of particles according

to the interactions that take place between them!! in:

* Leptons: they do not experience strong interaction but may experience weak and/or

electromagnetic.

¢ Quarks: They do experience strong interaction as well as weak and electromagnetic.

Furthermore, they combine to form hadrons.

b) Bosons: Integer spin particles that do not obey the Pauli exclusion principle and follow

(1ISM describes three of the four fundamental interactions of nature: the Strong, the Weak and the Electromagnetic.
Gravitational is not within the theory “yet”.
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the Bose-Einstein statistic. The SM classifies them into two groups:

¢ Scalars: They have null spin and are quanta of scalar fields (Lorentz invariants).
In the SM there is only one: the Higgs boson, responsible for the masses of all the

particles in the model.

* Vectors: They have spin one and are quanta of vector fields. Also called gauge bosons

and are responsible for the interactions.

As seen in figure 1.1, SM classifies quarks and leptons in three generations or families that
differ from each other by the order of magnitude among their masses. This classification is done
even before the symmetry breakdown, when they are in doublet representations considering
the masses they will acquire. It is also seen the four gauge bosons responsible for electroweak
interactions and the scalar Higgs responsible for the mass acquisition in the SSB process.
Physical states of weak vector bosons are revealed only after the breaking since before that
they are part of covariant derivatives and are not physical eigenstates until mix each other
appearing as the known W¥, Z and v (photon) shown in the figure. With respect to the gluons,
they belong to the colour symmetry which is not part of the symmetry breaking process. The

Higgs is the lower (neutral) component of its former doublet.

Notice that there are 17 different elementary particles (in addition to the antiparticles that
do not appear explicitly). Each of them is represented by a field within the Lagrangian, where

all the interactions allowed by the theory are also included.

1st 2nd 31"(1
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Figure 1.1: Standard Model. Source: PhD Thesis [15]
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1.2. Standard Model extensions

The reason why exactly three flavor families exist so far is unknown in SM domain; but
there are some hypotheses in other areas, such as the anthropic explanation [16] or the

cancellation of anomalies in higher symmetries [17].

With respect to the SM predictions, table 1.1 shows some of them and the year of

experimental confirmation.

The particle fields have representations in SU(3)c ® SU(2), ® U(1)y symmetry group, where
C: Color, L: Left e Y: Hypercharge.

The interaction associated with SU(3)¢ is the strong force described by Quantum Chromo-
dynamics (QCD), and the interaction associated with SU(2);, ® U(1)y is the electroweak force
described as a weak hypercharge symmetry (for related papers in a historical context, see refer-
ence [18]). This last force is the unification, at high energies, of the weak and electromagnetic
forces that manifest as such at low energies after a process called “Spontaneous Symmetry

Breaking” (SSB).

On the other hand, SM is a chiral theory; this means that the left and right chiral projection
fields are not transformed in the same way, the left fermions have doublet representation and

right ones are singlet of the same symmetry group.

1.2 Standard Model extensions

The existence of deficiencies in the SM, such as those mentioned in the introduction, make it
necessary to have a broader gauge theory that encompasses new particles and their consequent

interactions.

The SM extensions are still under development, the neutrino mass is already taken into
account within them and was not considered in the original model. There are a large number of
extensions such as Left-Right symmetric models, large unification models, those that consider

dark matter, etc. which try to improve what the SM cannot explain.

In the same symmetry group of the SM, we have for example simple extensions: Two-
Higgs-doublet model (2HDM) [19], which has two Higgs doublets in its minimum version [20].
There are also other 2HDM including Axion models [21], Dark matter and neutrino masses [22];

etc.

11
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Particle DPir:c%i\f:gc/i Spin number c:Ler;Zk(:e) Color Mass (MeV/c?)
1964 1968 1/2 +2/3 g b 2,161949
1964 1968 1/2 -1/3 g b ok
1970 1974 1/2 +2/3 r.g. b 1,27 +0,02f
1964 1968 1/2 -1/3 g b 96+ L1
1973 1995 1/2 +2/3 rg. b 1729 + 0,41
1973 1977 1/2 -1/3 g b 4,180t
1874 1897 1/2 -1 none ~ 0,511

- 1936 1/2 -1 none ~ 105,658
1971 1975 1/2 -1 none 1776,86 + 0,12
1930 1956 1/2 0 none <2eV
1940s 1962 1/2 0 none <0,19 eV
1970s 2000 1/2 0 none <182eV
1962 1978 1 0 8 colors o*

- 1899 1 0 none ~0
1968 1983 1 +1 none 80,385 + 0,012t
1968 1983 1 0 none  7p o0,
1964 2012 0 0 none 125,10 + 0,14f

Table 1.1: SM particles with mass values from PDG 2020 [1]. *Theoretical value; fin GeV

12



1.3. Standard model Lagrangian

Beside this, there are also extensions that include a scalar triplet, getting other ways to

set dark matter [23] and neutrino mass terms [24] into the Lagrangian.

In the next section we explore exotic multiplets included in some extensions, in addition

to the known ones, and find the electric charge operators regardless of their interactions.

1.3 Standard model Lagrangian

As in all gauge theory, the Lagrangian describes characteristics of the symmetry in which the
theory develops; some of these characteristics are its covariant derivatives, the representation
of its multiplets and the types of couplings between the fields. In the minimum SM above the
electroweak scale, left chiral fermions and scalars transform as doublets, while right chiral

fermions as singlets.

&L =—1F,F" - 1G,.G" ... Vector sector
+iU, . DU, + iU, DV, + h.c. ...Fermion- Vector sector 1
+V,Lyi; Vi r® + h.c. ... Interaction sector (Yukawa) (-0
+ (D#cI))T (DH®) — V(D) ... Scalar-Vector sector

We have to remark that de covariant derivative for left fields are different from right fields
as we will describe in the next chapters. Besides, when these derivatives arises, there will
always be interactions with gauge fields. In consequence, in the fermion-vector sector, there
are interactions between the fermions themselves and with vector fields after the symmetry
breaking. The vector sector defines the interactions among vector bosons after breaking, which
mediate the electroweak interactions. The tensor Fj,, is a QED-like electromagnetic tensor.
This sector accounts for the derivatives and interactions of SU(2). gauge bosons and G, is
for the U(1)y gauge boson. The second line describes the fermions and their respective gauge
interactions, where ¥ ;’s are lepton and quark doublets and ¥y are the respective lepton and
quark singlets. The third line describes the interactions between fermions and scalar bosons
represented as a doublet ® from which the fermionic mass terms will be obtained. The last
line shows both scalar-scalar and scalar-vector interactions. As in the fermionic case, these

interactions will give rise to the mass terms of the scalar and vector bosons after the SSB.

The Lagrangian shows fields (1.1) in SU(2), ®U(1)y representations where the hypercharge
is conserved at high energies (above the electroweak scale). At low energies, the symmetry

breaks spontaneously to U(1)g, where the electric charge is conserved. In this symmetry

13



Chapter 1. Symmetry of Electroweak Standard Model

breaking process, the particles acquire mass and electric charge through the Higgs mechanism

[7] after which the interactions can be verified in experiments.

For instance, one of the terms that result from expanding the fermionic sector (1.1) after
the symmetry breaking is — ;% [7ey® (1 —~°) €] W5 + he, which corresponds to one decay mode
of the bosons W.

e~ Ve
W- Wt
Ve et
Figure 1.2: W boson decay
The decay rate is predicted by SM (at a tree level),
G 3
(W — ev) = W 0,226 GeV (1.2)

672

Experimentally [1] the value is 0,223 GeV. This difference is due to loop calculations which

did not take into account.

As well as this result, the SM predicts all the interactions between leptons, bosons and
quarks, many of which have been experimentally validated and there is, as yet, no result that

contradicts these predictions in a meaningful way.

1.4 Conserved charges

In the SM electroweak symmetry (EWSM), the conserved charge is the weak hypercharge, Y.
After the SSB is carried out, the symmetry group changes from SU(2);, ® U(1)y to U(1)g where

the electric charge is the final conserved charge.

The electric charge operator is obtained as an extension of the original Gell-Mann Nishijima

(GN) [25] formula adapted to the electroweak case,

Q6<T3+};12) . (1.3)

14



1.4. Conserved charges

Ts1, is the SU(2), third generator and Y (hypercharge) is the U(1)y generator.

This formula relates conserved charges of the symmetries involved before and after the
SSB. It will be clarified from the requirement of the vacuum expectation value invariance in

next section.

1.4.1 SU(2), ® U(1)y Doublets

In this symmetry, left-handed fermions and scalars transform like doublets and can be

D= (“) ~(2,Y), (1.4)
b
L

here 2 denotes SU(2); doublet, in this case a “left doublet”. The number Y is its respective

represented as

U(1)y hypercharge.

The predominant interaction is the electroweak force and the (unitary) transformations of

these doublets are defined as
ULUyD = ¢'Ti%i(@)eig f@)p
. Y
~ (1y + T (x)) 1+z§f(x) D (1.5)

~ <112 +i (Tjaj(:v) + };f(x)]b)) D,

at first order. The matrices T}, j = 1,2, 3 are the three generators of SU(2)r. This infinitesimal
gauge transformation should be affected by the change in symmetry where the electric charge

is the conserved charge and relates to hypercharge via equation (1.3).

To visualize how equation (1.5) changes, we have to point out that in the minimal EWSM
with just one scalar doublet @, the symmetry SU(2);, ® U(1)y is broken to U(1)g through the
Higgs mechanism. After this process, the entire Lagrangian becomes U(1l)g invariant, as

well as the vacuum expectation value (vev). The simplest way to do that is introducing a

Pa $1 + g2 b6

weak isospin scalar doublet ¢ = = with degenerated minimum &, = ,

o b3+ ida o

|69 |2 + |¢8‘2 = v2. Then, a particular value is chosen for the ground state

0
<(I)0> = ¢g = (0 ,v€ER.
Pa

15



Chapter 1. Symmetry of Electroweak Standard Model

Like in (1.5) scalar doublets transform as

Y
® - P = U,Uy® = (]12 + iTjO&j(J?) + Z2f(.13)]12> P=0+6D. (1.6)

Assuming the invariance of (),

3 (@0) % i Tyay(a) + 5 1 (0)

v

i a1(x) — iag(x) 0
= — — ,
2 \~as(@) + fa)Y 0

from which it follows that o; () = as(z) = 0 and a3(z) = f(x)Y. In particular, to be in accordance

with (1.3) and the fact that the last symmetry must be global, Y (®) = +1 and az(z) = f(z) — e.

(1.7)

Then, the transformation (1.6) remains as

1
0P ~ ie (T3 + ]12) P
2 (1.8)

= 1eQP,

taking into account that the electric charge is the conserved charge of the symmetry U(1)g and
Y(®
Q=T+ (2 )

is a consequence of the breaking process.

1,. It should be emphasize that the value of the hypercharge, for the scalar case,

Therefore, after the breaking U(1)q gauge transformation on the doublet scalar ¢ using

Y(@)=1is
5 ~ e (T3 + 1]12) s~i ) [, (1.9)
2 0 0 ¢b

which tells us that §¢* — +ie¢® has an electric charge +e and §¢° — 0¢” has no electric charge.

+
(Z) 110

Y
5D ~ ie (T3+212)D:iQD. (1.11)

Namely,

Hence, in equation (1.5),

16



1.4. Conserved charges

Here, the symmetry breaking is evident when U, Uy — Ug = €!°? ~ 1 + ieQ. Then, the

charge operator for doublets in SM is

1 (1+Y 0
QD) =5 7 (1.12)
0 -1+Y

in units of the positron charge e, which will be the units of () used from now on.

In the minimal EWSM, left-handed fermions as well as scalars are in doublet representa-
T
tions. Each quark doublet Q;; = (ul L d; L) is assumed to have a hypercharge®® Y (Q,,) = 1,

SO as

Q(QiL) =

O Wi

=

is the electric charge operator which contains the charge eigenvalues for the known u— and

d—type quarks.

T
For the left-handed lepton case L; = (yi L e L) , it is assumed Y (L;) = —1, resulting

and it’s consistent with the known electric charges too.

As already deduced previously, the scalar doublet has hypercharge Y (®) = +1 and its

electric charge operator is
+1 0

0 0

Q(P) =

It is worth mentioning that an usual requirement for the electric charge conservation in
the Lagrangian after breakdown is that the Higgs boson must be neutral. This is because in
the vacuum, there are not charges at all and the Higgs doublet is arranged in such a way that
it can couple with ad-hoc fields respecting the electric charge conservation. That is to say that
in the previous result, the lower component of the doublet must be the field that gives rise to
the Higgs boson and the upper component should be positive. However, there are currently

models that propose to find positive and negatively charged Higgs bosons [26].

In short for fermions,

[21Actually, the hypercharge value is taken so that the electric charge coincides with the known values.

17



Chapter 1. Symmetry of Electroweak Standard Model

1st Family 2nd Family 3rd Family Isospin 73 Hypercharge Y

Ur CR tr 0 +% _|_%
dr SR br 0 —% _%

Table 1.2: Charges for each fermionic family

1.4.2 SU(2)L QU(1)y Singlets

In SM, right-handed fermions have a singlet representation and do not transform with the

SU(2), group. Then, the parameters must be «;(z) = 0 in (1.5) and the transformation is
Y ;
UyS ~ (1 + 162) S~ €S, (1.13)

so that the charge operator is Q(S) = % which means that the electric charge is the hypercharge

generator or Uy — Ug.

In that way, we choose Y (ug) = 3 and Y (dg) = —2 in order to obtain the known values

Q(u) = +2 and Q(d) = 1.

Furthermore, hypercharges for right-handed leptons are Y (v;r) =0 and Y (e;zr) = —2 to get
Q(v) =0and Q(e) = —1.

1.4.3 SU(2)L ® U(1)y Triplets

In SM, triplets are represented in the adjoint representation of SU(2), i.e. they are grouped in
2 x 2 matrices, which have the appropriate dimensions to be coupled with doublets. Here, the
equation (1.3) is not enough for giving electric charges because of it is defined for fundamental

representations (column vector) and a new charge operator has to be performed.

T
It is shown in Appendix B that a vector-like triplet representation 7 = (t1 ty t3) that
transforms with the SU(2) adjoint matrices directly 7 — 7' = exp[if,;T,]T, being T, the adjoint

18



1.4. Conserved charges

SU(2) matrices (for spin 1), gives the same component transformations if we transform the 2 x 2
matrix 7 = 0,7 as 7' = U, TU}, with Uy, = exp{i6,;T}}, with T; as the usual SU(2) generators.

For that reason, it is customary to say that T is the adjoint representation.

Gauge (vector) bosons fall into this representation. In SU(2);, ® U(1)y, the three gauge

QWM, j=1,2,3 represented as

bosons corresponding to SU(2);, appear in W, = 5

= 1 W 4 1% T W 4
W, == K H s (1.14)
Wi, +iWs, —Ws,

It is known that gauge invariance for the SU(N); group in covariant derivatives, requires

Wu to transform as

W, — W, = U,W,Uf + é 0,UL) U}

(1.15)
~ Ly +iaTiL) W (T2 — ioy 15y, ) — 5 (OuleyTi)) (L2 —ia;T7,) -
As mentioned before, in the symmetry breaking «; = a3 = 0 and a3 = e. Then,
Wu — /I/IZ; ~ Wu + i€ [T3L, /V[v/u} = /VIV/M + ieQWH.
So,
OW,y = ieQW,, = ie|T5, W, . (1.16)
The charge operator acts over the vector boson matrix as a commutator
. — 0 +1
QW,) ~ [Tg,wu] - . (1.17)
-1 0

This matrix may be compared with (1.14) and it shows that the electric charge of physical

W, +iW7 Wi —iW?
W, = —+—="1isq(W,) = —1and that of W[ = ——=—" is ¢(W,/) = +1. Moreover, after the
symmetry breaking, the neutral physical fields A, and Z, are linear combinations of real gauge
fields W? and B,,, which is in accordance with the zero-valued eigenvalues of the last matrix

diagonal and the fact that the term that includes B, would also be added in the diagonal.

Another way to see this is recalling that to the fourth gauge boson B, corresponds the

U(1)y generator, ¥. This field transforms as B, — Bj, = B, — J,f(z) and it is not affected by
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Chapter 1. Symmetry of Electroweak Standard Model

the SU(2);, transformations. Moreover, equation (1.17) does not change if B, is included. Let

17# = gT3.W,,; + ¢’ % B,. then it can be demonstrated that V’ V + ie [TgL + 3 ,V } then

- Vo~ -
Q(V,) ~ [T3L+ Z]I,VH] - [Tg,L,VM} (1.18)

is the same result as (1.17). That means that including the B,, bosons, Z, and A, have no
electric charge as linear combinations of W3, and B, which are located in the diagonal of

(1.17).

1.4.4 Exotic multiplets

In some SM extensions with the same symmetry group, scalar triplets are considered in the
theory. For instance some scalar triplets belong to the SU(2) adjoint representation like gauge
vectors, which means that scalar or vector-matter fields are treated in the same way but with
ad-hoc hypercharges. These triplets may predict neutrino masses [27] or the existence of Dark

Matter (DM) [28].

Moreover, in some SM extension [29], a complex scalar triplet with Y = 2 has to be

considered in order to perform the type-II seesaw model.

T
In general, the triplet H = ( H, H, Hg) ~ (31,Y) can be written in its adjoint represen-

~ Hi, h
tation H = Hjo; = ' ® | but unlike the vector boson case, h, and hs are not conjugated,
hs —H;
since H entries are not reals then hy = £ 1\7%H2 #hi = L\/%HZ
H' = UyULHU]}
Y
(Il2+zeT3L+Ze212> H (15 —ieTsy) (1.19)
~ Y
~ H +ie ([TSL, 2H>
The charge operator is
Y
. 1Y - 7 1+ 3
QH = [TjH} v IH= : (1.20)
2 Y Y
-1+ X Y
2 2

An appropriate term to generate a Majorana mass to neutrinos is L°eH L with € = iy [29].
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1.4. Conserved charges

This needs Y (H) = 42 because of Y(L) = —1. H has the following electric charge operator

Q(H) = ( I ) : (1.21)
0 +1

On the other hand, it could be generalized theories in the same symmetry group as SM

with a generalized GN formula,

Q:aquLZ]b. (1.22)
e 2
In this case, doublets have the following electric charge eigenvalues Q(D) = sdiag(a +

Y,—a+Y), triplets have Q(7) = idiag(2a +Y,Y, —2a + Y) and even quartets Q(F) = 3diag(3a +
Ya+Y,—a+Y,-3a+Y), using (1.22) with appropriate dimensions for 75. However, theories
with a # 1 do not include to SM in a way in which the doublets have the known charges of

leptons and quarks.

One goal of this work is to construct multiplets with known electric charges without taking

into account its interactions with other fields after SSB.

The cases of triplets and quartets are useful to illustrate the method exposed in this thesis.
The triplets are built from two doublets and may be generated from a tensor product 2 ® 2 or
2 ® 2* and can be expressed in a 2 x 2 matrix. For instance, consider the case 2 ® 2* =3 ¢ 1.
Let be two doublets ¢ ~ (2,Y7) and r ~ (2,Y3) that shape a triplet (71),, from the traceless
hermitian part of ¢,r,. In matrix representation, the doublets transform as ¢’ = Uy Urq and the

triplet,

(T = Uy (UL) a2 ) (Uy (Uo7 )

~(1+ ie% +0(e?))(1 - ie% + O(e?)) (13 + ieaTsr, + O(e?))(gr!) (1o — ieaTsr + O(€?))
Yi—-Y;

~ (14 ie ( ) + O()(Ti +iealTs Ti — TiTsr) + O(e?)

~ T +ie <[o¢T3L,T1] + }2/7-1> + (9(62),

(1.23)

where Y = Y; — Y5 and hence its electric charge operator expanding up to the first order in ¢ is

) ) (1.24)

o[~
v~

Y
QT = [aTse, Tl + 5T = (

Q
o< +

7a+

| <
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Chapter 1. Symmetry of Electroweak Standard Model

It could be used for flavor symmetries where the symmetry also belongs to the group
SU(2)y. For example, if we choose the quark doublet ¢ = r = (u d)T ~ (2,1/3) to build a
composite meson, then Y = Y (q) — Y(r) = 0 and we have the real pion-like triplet (7+ 7% 7 )7
(see (D.2)). To show that, let us go back to the product 2 ® 2* = 3 @ 1. Using tensor notation,
te doublets multiplication can be symmetrized by ¢;¢7 = (¢i¢’ — 36%qxq") + $5iqrq". The upper

index denotes an anti-doublet and the traceless part in parentheses represents a triplet.

T T
Since ¢ = (u d) is the doublet then § = (a J) 8 js the anti-doublet. If we build the

m-meson triplet 7 from the tensor defined above,

leuﬂ—l(uﬂﬁ-d@:}(uﬁ—d@:ﬂ—o'

1 2 2 \/57

Ti=ud=7" Ty =di=7"; (1.25)
-1, _ 1, _ 70

It obtains T = as usual for adjoint SU(2) triplets like the vector bosons in

NS
S

SM.

As we said before, for triplets in SU(2) ® U(1)y there is another possibility, f 22 =3s® 1
where a second triplet (72),, is made up from the symmetric part of ¢,r,. Doing the same

calculation as in the equation (1.23), we deduce the transformation 7; — Uy ULBUE and

o[~
o[~

Y
QE%{QT&Tz}-F?TQ% , (1.26)

o+
Y
2

-+

o[~

where Y = Y] + Y5. Let us notice that with a rotation, the triplets in (1.24) and (1.26) are the
same. There is no application for this type of triplet because of mesons = quark + antiquark (g
and r transform differently) and does not exist composite particles quark + quark. Furthermore,
leptons do not join together to form another particle, as far as we know. However it is interesting

to notice that 2 ® 2 produces different charge operator in (1.24) from 2 ® 2* in (1.26).

Finally, let us deal with a quartet 7 which can be obtained from the product of three
different doublets, 2®2®2 =2® 2 @ 4. (F)qe denotes the totally symmetric 3-rank tensor of

[8lWe are considering 2 ® 2* # 2 ® 2 as a consequence of a tensor treatment and the anti-doublet is not arranged as
usual in SU(2).
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1.4. Conserved charges

tensor multiplication q,7,s. or

1
(Fave = = [qaTbSc + @pTraSe + @TeSa + 4eTvSa + qeTaSh + qaTesp] = g daTbS0) (1.27)

gl

This tensor has eight components (octet). In order to make a four-element 2 x 2 matrix
that fits into de SM Lagrangian coupling with other standard multiplets. Let us consider
do =Ta = Sa ~ (2,Y) as a fermionic tensor, with which we can set F111 = ¢1q1¢1, Fi112 = Fi21 =
Forr = 5(q1G2 + (1a2q1 + 2q1¢1)» Fro2 = For2 = Foor = (010202 + 2q142 + q2q1q1) and Faoz = 2G2q2
reducing the number of elements to four (quartet). Ordering the remaining components, we

Fiin Fiz .
have F = . Then, this quartet transforms as

Fiiz  Fao

Fape = Uy |(U1)34a(UL) a5 (U1) a0

Y
=1 <1+Z2> {(5 —|—ZO&(T3L) )(5 +ZO&(T3L) )(6 + i T3L :|qaq/5QQ
(1.28)
2635560] } G540

]:abc:|

~ {5;;5{355 +i {a (5355(T3L) + 6000(T5)% + 620°(TiL,) )
. p N Y
X Sabe T 1 |Q ((TSL)C]:abH + (TSL)a]:abc (TSL) ]:aﬁc) 2

Then, the electric charge operator, taken into account the four mentioned components

only, is

Y 1 [{3a+Y —a+Y
Q(Fape) = ((T3L)g]:abt9 + (T31.)g Fave + (T31.), ]:aﬁc) + E«Fabc =3 . (1.29)
a+Y -3a+Y

T T
For instance, let us take the case « = 1 and ¢ = <q1 q2) = <u d) ~ (21,1/3), then
Y =1/3+1/3+1/3 = +1. The A baryon quartet may be built from its charge operator,

Q) = ; (1.30)

which corresponds to

Fiir = qqiqn = vuuw = AT Fiig = iqige = vud = AT,
(1.31)

Fi2z = q1q2q2 = udd = A", Faoo = qiqiqn = ddd = A~

It can be noticed that the U(1) charges (electric and hypercharge) are summatives.
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Chapter 1. Symmetry of Electroweak Standard Model

In a flavor symmetry, this multiplet could be the A-baryon quadruplet of the quark model
if ¢ = v and ¢, = d.

Let us perform some other examples of exotic representations of SU(2) ® U(1)y using the

charge operator given in Eq. (1.22) and (1.24):

1. Model with @« = 2 and Y = 0. The electric charge eigenvalues for fields in the funda-
mental representation are (+1,—1). For instance, a vector-like Dirac fermionic doublet

T
( Et E—) or scalar (Y+ S-), which could be coupled to a real vector triplet 7, with

electric charge content

2
Q(Th) =~ [2T5, Th] = » Q(T2) = {215, To} = ; (1.32)
-2 0 0 -2

T
hence we could take 7; = (V++ 1’0 V**) . Notice that these fields may be introduced in

extended gauge symmetries at higher energies.

2. Model with « = 2 and Y = 2 obtains doublets with electric charge eigenvalues (+2,0) and
triplets with (+2,0, —2) in the commutator case and (+4, 2,0) in the anti-commutator case.
Here the triplets are different because the definition of doublets hypercharges for the

commutator and anti-commutator case are different from each other.

3. The more exotic case when o = 1 and Y = —3 include doublets with electric charge (-1, —2).
In this case it is possible to have doublets as (xy~ x~~)7 which could be coupled with
vector bosons like (V*V?V )T (SM). On the other hand, it is possible a complex scalar

triplet like the one shown in Ref. [29] with Y = —6,

QH ~ [T3, H] — 3H = . (1.33)

All these exotic multiplets are possibilities within the SM symmetry group. However, there
are other reasonable questions which can not be absolved and require to extend the mentioned
gauge group. For example, why the three families? or why the representations are different
for right-handed particles and left-handed ones?. Next chapters go beyond the SM symmetry

group and discuss electric charge operators that belong to these extensions.
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1.5. Electric charge and gauge couplings

1.5 Electric charge and gauge couplings

Finally, electric charge might be viewed as coupling constant in U(1)p symmetry after the
breakdown. Then, there must have a relation with the other coupling constants in SU(2); ®

U(1)y symmetry in order to perform the SSB from the charge point of view.

In that way, to perform the mentioned relation, recall that coupling constants appear in

the covariant derivative for doublets which is defined as
. i0j . Y
DHO =0'd + szWW? + zgy53“112 D,
where %, (i = 1,2,3) and ¥ are the generators of SU(2),, and U(1)y groups respectively.

By developing the kinetic part of the Higgs sector in the SSB context, [D*®]' (D, ®], vector
boson masses and relations between gauge coupling constant with weak mixing angle are

obtained.

_ oy
2
My, g

M g +4%

v

My 2

, My g%Jrg%, Myg=0 (1.34)

= cos? Oy . (1.35)

But also, there is a way to find the relations with electric charge from comparing the
coefficients of the interaction of lepton charged current with photons in SM symmetry and

QED symmetry, obtaining e = gy cos 6y = g1, sin 0y (see appendix (E)). Then
1 1
==+, (1.36)

where g, stands for SU(2);, and gy for U(1)y. This relation was obtained at low energies, since

the coefficient comparison took place after SSM, below the electroweak scale.

For sin® y ~ 0.2315 [1] and €2 = 4ra = £, then

gr ~ 0.6295, gy ~ 0.3455. (1.37)
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Chapter 2

Electroweak model SU(3);, ® U(1)n

From what was stated previously about of the lack of robustness of the SM to explain some
facts such as neutrino mass, hierarchy problem, matter/antimatter asymmetry, etc. (see the
introduction), physicists have been conjecturing for decades, new gauge extended symmetries
to that of the SM which reveal new physics. These models predict the existence of new exotic
fermions as well as new gauge bosons and scalars that depend on the symmetry group they are
defined. Some of these exotic particles are being searched at the LHC [30]. In some extensions,
it is possible to understand the number of families from the cancellation of anomalies [17].
This is the case of the 331 models in SU(3)¢c ® SU(3)r, @ U(1)ny gauge symmetry which includes

to SM whose particle content, in addition to new ones, is reproduced after the SSB.

As in the equation (1.3), the charge relation [31] can be defined as
Q _
= alsr, + 81k, + N, (2.1)

where T5;, and Ty, are diagonal generators of the SU(3), group. The hypercharge N, as Y in

the SM, unifies weak and electromagnetic interactions above the electroweak energy scale.

It should be pointed out that the value of 3 defines an entire theory in 331 models and the
g that reproduces the same lepton content as in the SM, is the one where no exotic lepton is
considered in leptonic triplets. It occurs in the called minimal 331 model with 5 = —/3 when

only neutrinos and known charged leptons are considered.
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2.1. Lagrangian

2.1 Lagrangian

The electroweak Lagrangian in this symmetry is similar to that of the SM in eq. (1.1)

@ = —iFiWFiW — iGquW ... Vector sector

+iU, . DV, + iU, g DU R + h.c. ...Fermion-Vector sector 2.2)
2.2

—|—ELy;‘j\1/jR<I>“ + U, Lwi(V;1)¢S + h.c. ...Interaction sector (Yukawa)
+ (DMI))T (DF®) — V(D) ... Scalar-Vector sector

There are some aspects of this Lagrangian we must point out:

* In the vector sector there are eight tensors F;,, = 0,W;, — 0, Wi, + 931 fijaWjuWiw, t =1...8
whose vector fields W;,, are associated to SU(3),, generators (f;;, are the structure constant
of this Lie group) and one tensor G, = 0,B, — 0, B,, of which B,, is associated to U(1)y

generator.

¢ In the fermion sector triplets (or anti-triplets defined for the second and third family of
quarks) ¥;;, i = 1...3 are representations of the left-handed leptons or quarks, while ¥,

are the corresponding right-handed singlets.

¢ In the Yukawa sector there are three different scalar triplets ®*, ¢ = 1...3, and one sextet
S. All these multiplets (or anti-triplets) couple with fermions. These couplings are written
to take into account after breakdown two classes of mass terms, the first adding decants
only into Dirac mass terms myr¢r + h.c. for all the fermions, while the second adding into
Majorana mass terms mgr (¢ )¢ + h.c. for neutrinos [32], although it also obtains Dirac
mass terms for charged leptons in some cases. Then, the following must be fulfilled for

the scalar multiplets ®:

— FRIP=1==3
\I/iL\I’jR(I):
3IR1I¥P=1=®=3"

FRIFQP=1=0=303=3"36
3R3IRP=1=2=3"Q3*"=3006"

‘IliL(\I/jL)C‘I)

which means that the usual Dirac mass terms are obtained if ® is a triplet (or an anti-
triplet) while the Majorana mass terms are achieved with ® being an anti-triplet (triplet)

or a sextet (anti-sextet).
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Chapter 2. Electroweak model SU(3)., ® U(1)n

* From the last point, scalar multiplets could be triplets or sextets as possible represen-
tations. If it is a sextet S, its corresponding kinetic term is written in the shape of a
Hilbert-Schmidt inner product, Tr (D“S)T (D,S)|. The potential V(®) is defined as gen-
erally as possible according to the symmetries (including the discrete ones if aplicable)

added to the theory [33].

In the Lagrangian density described above, covariant derivatives for fermion triplets ¥,,

and singlets ¥, are

DM, = [0" +igsTyW,' +ign B* N ] Wir,
(2.3)

DtV = [0" +ignB"NR] ¥ig,

where:

* U, is the left-handed fermion triplet: ¥;;, = L; for leptons and ¥, = Q,;, for quarks (for
anti-quarks 7 = 1,2 the derivative changes to its complex conjugated form). ¥,z is the
right-handed fermion singlet and could be the lepton singlet R; or the quark singlet Q;r.

Index i stands for the three families i = 1,2, 3.
* 931 Y gy are the coupling constants of SU(3), and U(1)y respectively.
* N y Ng are hypercharges of left- and right-handed fields.

* W} with j = 1,...,8 are the eight gauge fields that correspond to SU(3)., generators and
B* is the gauge field of U(1)y group.

Like the SM with its SU(2), gauge bosons, the eight gauge bosons of SU(3), transform in
the adjoint representation and mix themselves to form the mass (physical) states (see appendix

(B).

Left-handed fermions triplets and right-handed singlets transform as

\I/L — ‘IIQL = UNUL\I’iL,
(2.4)

Ur— Wip =UnVig,

where Uy, = exp [igs;Tjw;(z)] and Uy = exp [ign N f(x)]. All these triplets and singlets are grouped

in the same three families of SM with an additional degree of freedom for each family.
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2.2. Electric charge for Fermions

The gauge fields transform as

Wl(z) — Wiu/ (2) = W' (z) — 0"wi(x) — g3r fijrw; (x) W] (2),

3

, (2.5)
Bt(z) — B (z)=B"(z) - 9" f(z),

where f(z) y w;(z) are real function-like parameters, numbers f;;x = & Tr{[\;, \;] A}, 0,5,k =

1...8 are structure constants defined for SU(3); group and )\; are the Gell-Mann matrices.

The covariant derivatives for scalar multiplets are

DE® = [0M+igs T;W! +igy BNy @,
(2.6)
DS = O*S +igsr [TiWS + S(TWI)T].

The gauge covariant derivative for the sextet has a peculiar form without a commutator,
which is usual for matrix representations, because of the way it is constructed (See (F.13) in
Appendix (F)). This scalar multiplet is formed by two triplets as may be seen in (2.25). In short,

S =nn' and this relation yields the way it transforms.

The gauge transformations are

d— O =UpnUL®,
(2.7)
S — S =UnxULSUL.

These multiplet transformations, as well as their covariant derivatives, make the La-
grangian remain gauge invariant. In the sextet case, some possible allowed terms may be
G2, fi(f2)¢S [34] to give neutrino mass via coupling with lepton triplets f¢ or interactions with

other scalars inside the potential.

In the next section, the particle content is described separately in the fermionic, bosonic

and scalar sector of the lagrangian; all of them in terms of their electric charge operator.

2.2 Electric charge for Fermions

Here, the main difference with EWSM is that left fermions are SU(3),, triplets which possess,
in addition to the known leptons, a third new component (one for each family) and its nature
depends on the values of o and § in eq. (2.1). Models with o = 1 and 3 = —/3 are considered
in Refs. [32, 35, 36] while those with o = 1 and 8 = —(1/4/3) in Refs. [37-39].
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Chapter 2. Electroweak model SU(3)., ® U(1)n

In general, triplets 7 obtain their electric charge eigenvalues directly from equation (2.1)
as the fundamental representation of the symmetry group. In this case, SSB is easily visualized

when the gauge transformation itself goes from UnUy to Ug in the breaking process.

UL UNT = e Tiwi (@) giNf()
~ (13 +ie (aT3p + fTsr) +ieN13] T
~ T +ieQT, and (2.8)
UlUST* ~ [15 — ie (aTsr, + BTsr) — ieN1s] T*
~ T 4 ieQT™,
where in the second line w;(z) =0 for j = 1,2,4,...7 and w;(z) = f(z) = e for « = 1,3. This is

obtained thanks to the gauge invariance of the vacuum expectation values of the theory, just

like in the SM (see appendix (A)). The resulting electric charge operator is

_ Lai B ot 9B
Q(T)—leag(aJr\/ngQN, a+\/§+2N, 2\/§+2N)T 2.9
N ;B o B - '
Q(T)_2d1ag( o \/§+2N,oz \/§+2N,2\/§+2N)T

The symmetry group breaks down as follows: SU(3), @ U(1)n Lo, SUR2)L@U(l)y RUAGN

U(1)g. In the first breakdown, the fermion triplets decant in the SM fermion doublets. To
do so, an ad-hoc scalar triplet y is coupled with lepton and quark currents in the Yukawa
sector [39]. For models with exotic lepton in leptonic triplet, this scalar gives mass only to
the exotic fermion X; or J; since the vacuum expectation value (vev) is located in its third

component. Then, fermion components are
ViL uiL —ajr d
1299 Uiy —ajL
Li = €L ﬁ 5 QIL = dlL % anL = UjL % ! (2-10)
eir dir Ujr
L Jir JiL

with ¢ = 1,2,3 and j = 2,3. Let us notice that Q,; goes to an SU(2) anti-doublet which
transforms in the same way as a doublet. Besides, in this sort of models, the lepton triplet set
up the component X;; as an exotic lepton or a charge conjugated field in electron family, both

of them have the same electric charge.

Moreover, before the breakdown, quark triplets have two representations: Q,; and Q;r,

which transform like 7 and 7™ respectively.

In order to determine hypercharges, values of « must be deduced. The electric charges for
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2.2. Electric charge for Fermions

known SM leptons and quarks in (2.10) are achieved only if o =1 in (2.9):

1 8
i) = sat —=+ N(L;) =
LSMZ(WL); q(vir) 21a+2\/§+ (Li) 0 .
€iL qleir) = 5ot 23§ +N(Li) = -1
1 B 2
q(uir) = Sa+ —=+N(QuL) =

o8 — (um) | 2 wﬁg S

1L q(dir) = *§a+ﬁ+N(Q1L) = 3

1 B 1

_d, q(djr) = —zo—-—7=+N(@Qr)= -3
QJSLM = ( dJL) : 12 2ﬁ\/§ 23 a=1

UiL o) = o - 3 + N(Qjr) = 3

For this a-value the corresponding hypercharges are
Vo _1_ B _1_B N
N(L;) = 5 2\/§, N(Qir) = 6 2\/3 and N(Q]L)— 6+2\/§' (2.11)
Then,
Q(L.) = diag (o, R @) . Q) = diag (+, B @) ,
3 (2.12)
121 35
Q(Q]L)_dlag <_3a3a6+ 2 > .

If we state that the electric charge of the third component of lepton triplets is ¢ = ¢(X;) =
q(ef) = —% — @ then ¢(Ji11) = ¢+ 2 and ¢(J;.) = —¢ — 5. The fermion multiplets are described
in the following table,

Table 2.1: Representation of fermion triplets. The first two rows show the dimension in SU(3)c
and SU(3); symmetries.
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Chapter 2. Electroweak model SU(3)., ® U(1)n

The right-handed fermions transform as singlets and have the same electric charge of

their left-handed partners when the symmetry has lowered to U(1)q.

From the table (2.2), triplets are interdependent in terms of their electric charges and

2q+1
V3

hypercharges. It means that the whole theory depends upon the possible g = —(
In short,

) values.

—2 -1 +1 0
+2/3 +2/3 +2/3 +2/3

Qi | | -1/3| ~~1/3 ~1/3| ~0 ~1/3 | ~+2/3 | | -1/3| ~+1/3
—4/3 ~1/3 +5/3 +2/3
~1/3 ~1/3 -1/3 ~1/3

Qi | | +2/3 | ~+2/3 | [+2/3| ~+1/3 | [+2/3| ~—1/3 +2/3 | ~0
+5/3 +2/3 —4/3 ~1/3

Table 2.2: Electric charge eigenvalues for fermionic triplets with their respective hypercharges
on the right side.

It may be noted that theories with no exotic electric charges in their third component
triplets have g = ﬁ:%, however models with 3 = —/3 may consider a lepton triplet with a
charge conjugated lepton in its third component which means that there is no exotic charge.
Nevertheless, in all models could be electric charges of unknown very massive particles that

are yet to be discovered.

After the symmetry breakdown which leads toward the U(1l)p symmetry, the exotic
fermions X;r p and J;r g, ¢ = 1,2,3 are accommodated in mass terms within the respec-
tive Lagrangian. Here, these fields have their respective electric charge (via Noether’s theorem)
despite having predicted them before the breaking. As the "future" electric charges are wanted
to be the same in both theories, 331 and SM, then we can equate the relations (1.3) and (2.1)

to obtain a new relation for hypercharges. With a =1,

_ _ dias [ L2 B _28
5 .
Y*h=:ﬂ—ﬂ&L+JVﬁ3%:dmg(—j%—%mVﬂ—é%—%ﬂVﬁVg—%%V?,
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2.3. Electric charge for vector bosons

where N* and Y* stands for anti-triplet hypercharges.

With the N-values given in (2.11), the SM doublets are recovered with their respective
Y -values. Also, the hypercharges for exotic fermions can be obtained Y (X;z) = —1 — V38 = 2q,
Y(Jip) =% —-V33=2¢+ 3 and Y(J;.) = § + V38 = —2¢ — 2. Here, X;, are the exotic leptons

and J;, are the exotic quarks that came from the third component/state of fermion triplets.

2.3 Electric charge for vector bosons

As in the SM, gauge bosons (nine in this case) are written in the SU(3) adjoint representation
as 3 x 3 matrices, see Appendix (B). Using o = 1 and the same procedure as (1.15), the

transformation of WH = \;W;, is

Wiy = W, ~ W, + e | Tor + BTsr, W, | & W, + ieQW,. (2.14)
Then,
0 1 s 0 +1 —q
QW) ~ [T3L+BT8L,W,L = -1 0 S =f_1 0 —(1+g¢| . (215
~1-V38  1-v38
5 3 0 & q 1l+g¢ 0 7

It can be seen that electric charges of the SM bosons (W=, 29, which are mixtures of
SU(2)r ® U(1)y gauge symmetry bosons, can be obtained from the first 2 x 2 entries of (2.15)
and are independent of 5 and/or ¢ values. As said before, the choice of a particular g is
necessary to construct the whole theory and each value of it gives a different particle content
with new exotic bosons and the new physics that it entails. All possible 5 values obtain at

least one fourth extra neutral boson (Z°) and there could be more if 3 = £--. There is no

1
V3
fundamental reason to prevent accepting any value defined for beta, the choice made for any of
these values depends on the constrains one impose to develop the theory. For instance, if no
exotic charge is required then we should choose § = ﬁ:% or if only three neutral bosons are

wanted, the ad-hoc choice is 8 = +v/3.

0 +1 +2 0 +1 +1 0 +1 -1 0 +1 0
W, ~1 0 41 -1 0 0 -1 0 -2 -1 0 -1
2 —1 0 -1 0 0 +1 2 0 0 +1 0
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Chapter 2. Electroweak model SU(3)., ® U(1)n

Table 2.3: Electric charge eigenvalues for gauge bosons

One of the most used 331 model proposes 3 = —/3 [35]. For this value we can define

Wap+ 0 Wiy, —iWa, Wiy, — iWs, Wi+ 0 V2WF Vav:
W= | Wi+ iWa =Wy + 23 W, —iWr, | = W, ~Wa, + 0 V2U; |
Wiy +iWs Wey +iWr, — —270% V2V VUt 2

where the charged vector bosons are

Wi _ (Wlu + iW2u)
B V2 )
vE = (Wi \i/gwsu)7 (2.16)
Ut = (Wﬁu + iW?u) .
" V2

Their electric charges were already known from the table (2.3) for 3 = —/3. It is not
necessary to know them from their interactions within the Lagrangian, which is what this work

is about.

The neutral vector boson are (see in the Appendix eq. (E.24))

1
AN = m |:(W3N - \/§W8“> t + BH:|
7.~ V1t32 W v3e? S 2.17)
8 \/74t2 Wt Arae T Jiyae " '
1
/ ~
SV T 382 (Ws“ * \/gtB“) ’
where t = tang = 2 — __Sn0w p o0

931 /1 —4sin® Oy

Solving for gauge bosons:

Ws,, = A, sinOw + Z,, cos Ow

Wy, ~ — A, sin Oy \/3 — 125sin® Oy + Z,V/3sin Oy tan Oy + Z;, sec O/ 1 — 4sin? Oy (2.18)
B, ~ A,\/1 —4sin® Oy — Z, tan Oyy/ 1 — 4sin® Oy + ZL\/gtaHGW

These results show that after breaking, W3, has the same transformation as the equivalent

W3, of SM, but B, do not. It could be explained with the assumption that there are another
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2.3. Electric charge for vector bosons

intermediate degree of freedom Z;, which is presumed to be achieved only at very high energies

where the Weinberg angle has run to a different value.

In that sense, if Zg (or Wf) mass values theoretically obtained in SM and 331 (see appendix

E) symmetries are compared,

2 2 2
9331 93 (1+4t 2, .2, .2\SMU” o 9
MZ = 72 <1+3t2 (UU+UP+U2) = Z(QL"‘gy)

2 331 ggL 2 2 2\ S 9%”2 219
M ZT(UW+UP+02): 4 5

we can deduce a possible relation between expectation values and constant couplings,

grLgy

Vi —3g%

where, v and g stand for SM and v,;, v,, v2, g3z, and gy for 331 symmetries.

v=1/2(v24+0v2+03), g =gr and gy =

Therefore,

1 3 1

- =+ (2.20)
y 9. 9w

Q

As in the last chapter, the relations between symmetry constants and electric charge can
be obtained from comparing the coefficients of the interaction of lepton charged current with

photons in 331 symmetry and QED symmetry, (Appendix E)

¢ = gas ( t ) _ g3, sinf _ gn cosf 2.21)
V1+ 42 V1+3sin260 1+ 3sin?6

Then,

1 4 1
e— _9Ng3L 1 _ 2 1} (2.22)

Vi t4gk € gL g%

For sin® 6y ~ 0.2315 [1] and e? = 47 = £, then t? = 4% and

931 = g1, ~ 0.6295, gy ~ 1.1133 # gy ~ 0.3455. (2.23)
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Chapter 2. Electroweak model SU(3)., ® U(1)n

2.4 Electric charge for scalar bosons

The original model [35] features three scalar triplets. Each of them is built in such a way that
there is one neutral scalar field inside at least. These scalars p, n and y have electric charges

with a = 1 in equation (2.9),

B:\/§3q=_2 ﬂ=1/\/§,q=—1 /6=_\/§>q=+1 /3:_1/\/§’q=0

i+ +1 +1 +1

1 2

~0 ~ ~1 ~ 2

p 0 0 |~3 0 0 |~+3
-1 0 +2 +1
+2 +1 1 0

1| ~1 o |~1 of~-1 -

X + 3 - - 3
0 0 0 0

Table 2.4: Electric charge eigenvalues for scalar triplets with different values of 3. The right
numbers are N-hypercharges.

As seen in the last table, locations of one neutral scalar (Higgs) bosons in 7, p, and x are

L

V3
the theory [40] due to the same electric charge of p and y, also a similar order of magnitud of

the same for each 5. Furthermore, for 5 = +£—= only two triplets are necessary to be used in

their vev’s (v, and v,). Besides, we have to be careful with 5 = j:% due to the possibility of
two vev’s for some of their triplets. In those cases a new analysis must be promoted to achieve
the vev relation between the SM and 331 theories as was done in the previous section. The
whole scalar and interaction sector of the Lagrangian have a direct correspondence with each

B-values.

On the other hand, a theory that includes Dirac and/or Majorana mass terms for neutrinos
in order to implement the See-saw mechanism, needs an additional scalar sextet [32]. For any

value of 3 (or ¢), the mentioned sextet is defined as

g1 g9 g3
S=|oy 04 05|~ (6L,N). (2.24)

03 05 O0Op
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2.4. Electric charge for scalar bosons

In SU(3)r, when two triplets (or antitriplets) are coupled, it is verified that 3 ® 3 = 3% & 65
(or 3* ® 3* = 34 & 6%) [41]. In tensor form, be u®, v°, a,b = 1,2,3 two SU(3) first-order tensors

(SU(3) triplets), then their multiplication may be represented in matrices form,

2ultoy! wv? + vl wld + ude! 0 wv? — w2l wled — !
1 1
= By w?ol + ulo? 2u?v? w?vd +udv? | + 5 w?ol — ule? 0 w?vd — udv?
wol +ule®  wdv? + u2e® 2up? wdol —ule®  wdv? — u2e® 0

b

1 1
== (u“vb + ubva) + 56“ “ecgeulv® =

- Aab + Aba + EGabcecdeAde
2 2

1
2

It is evident that the first addend is 65 and the second is 3%. Then, the sextet may be
expressed as S = 1 (A®® + A®®). Since triplets transform as u® — v/ = U’ then tensor A%

is transformed as

A/ab _ (Uacuc) (Ubdvd) _ (Uacuc) (UdUde)
~ 69 +ie (TSE + BTEE + N16")] (uv?) [6% +ie (T4 + BT + N16%)]
~ §%uCo®e® + e (5acucvdT:§% + B(S“cucvdTgf + Nod®uodsd® + T;Lcucvdédb
(2.25)
+ﬁ 8CLLcucUclé*db + Nl(sacucvd(sdb)
= u’ +ie (u v T + Tifu®) + ief (u v TeE + Tifuv®) + ie (N7 + No) u®v®

= A 4 ie{A, Ty, + BT} + ieNA®,
where N = N; + N,. Therefore,

A+ AT A+ AT

/!
S 2

A+ AT ,
+Z€{2 ,T3L+BT8L}+’L€N
=S+ ie{S, Tsr + ﬁTgL} +ieNS
So, the charge operator for the sextet is
Q(S) ={T} + BT}, S} + NS. (2.26)
It is interesting to observe that the charge operator takes the form of an anticommutator
when it is built from the multiplication of two triplets. It can be verified that it would have the

form of a scalar operator if the field had been built from the multiplication of a triplet with an

antitriplet.
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Chapter 2. Electroweak model SU(3)., ® U(1)n

This process also deduces the way in which the sextet is transformed, namely S’ = USU”
as can be observed in the first line of the equation (2.25). This deduction also show how the
sextet gets its hypercharge from hypercharges of constituent triplets N = N; + N,. In the model

used, to be in accordance with (2.6), N1 = Ns.

Then, the electric charge of each sextet components will be

8 8 1 8
1+ 2+ N L +N L(1-G)+N
Q(S) = EN -1+ % +N —%(H—%)—i—N
1 B 1 B 25
L1-Z)+N -1(1+5)+N ~2 4N
(2.27)
21—+ N —i(1+29+N 32+q)+N
=[-30+29+N -3@2+9+N —3(1-¢+N
12+q)+N  —i(1-9+N 2(1+29)+N
For the possible values of 3 and S = T (N(S) = 2N (7)),
0 -1 +1
B=—-V3 or g=+1, N(S)=0: Q©)=|-1 -2 0 |,
+1 0 +2
0 -1 -2
B=+V3 or ¢=-2, NS =-2: Q©)=|[-1 -2 -3],
-2 -3 —4
(2.28)
0 -1 0
B=—75 or ¢=0, NS)=-3: QS)=|-1 -2 -1/,
0 -1 0
0 -1 -1
B= or g=-1, NS)=-3: Q)=|-1 -2 -2
-1 -2 =2

For each g there is a different number of neutral scalars (Higgs) responsible for assigning
Majorana mass terms to neutrinos, which reinforce the idea that the whole theory is g-value

dependent.
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2.5. Octet

2.5 Octet

In the same foot as the SM quartet, there is the possibility of include an octet accepted by the
group representation in SU(3). One way to obtain this multiplet is by multiplying 3 ® 3* = 1@ 8.

In tensor form, u®v, = (u®v, — 30furvy) + $6¢ubv, being u?, v, triplet and anti-triplet re-
spectively. The first addend Qf = u®v, — $65uFv, is the searched octet which transforms
as

Q' = Uw'UT ~ [1 +ie(Ts + BTsr) + N1 Q1 — ie(Tsr, + BTxr) + No]

(2.29)
~ Q4 ieQ, 1+ ie(Tsr + 8TsL)] + ieNQ,

where N = N; — N,. If the octet is built from multiplets with the same hypercharges, then
N = 0. In this case, QQ = [Q, 1 + ie(T5, + Ts1)] or

0 +1 1(1+V3p) 0 +1 —q
Q) = -1 0 =1+v33)|=]-1 0 —q-1]- (2.30)
—5(1+v3p) 5(1-V3p) 0 +q +g+1 0

For the possible  values,

0 +1 -1
B=—V3 or g=+1: Q@) =|-1 0 -2,
+1 42 0
0 +1 +2
B=+V3 or ¢=-2: Q) =|[-1 0o +1],
-2 -1 0
(2.31)
0 41 0
B=-d or g=0: Q@)=|-1 0 -1,
0 41 0
0 41 +1
ﬁ:% or g=—-1: Q)=|-1 0 0
-1 0 0

The last case, with g = % match with the known electric charge for the pseudoscalar

meson octet matrix.
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Modelo SU(2);, ® SU(2)gr ® U(1)g_,

In the SM there is an inherent left-right disparity since the right and left multiplets are not
treated in the same footing. Is that a characteristic of nature? There is a possibility whereby

left-right symmetry is recovered at high energies and this is achieved in L-R symmetric models.

As mentioned in the introduction, this extension maintains a parity symmetry [42, 43]
which breaks spontaneously to the SM symmetry at very high energies and then breaks again
to U(1)q at electroweak energy scale (~ 1 TeV). In order to do that, new scalars are needed
with their respective vacuum expectation values, such as Higgs triplets and bi-doublets which
permit the symmetry to be reduced accordingly. Also, we are considering the model that seesaw

mechanism is allowed.

SU2)L,®@SUR2)r@U(1)p—r, — SU(2), @ U(1)y — U(1)g (3.1)

However, there is some research in recent literature that uses models considering the
possibility that there is no parity restoration at high energies but it is broken explicitly and the
interactions of left- and right- handed fermions are completely different from each other at any

energy scale [44].
The old and more used model described here, in addition to establishing a relation-

ship between the restoration of parity at high energies (GUT energy scales) and the seesaw

mechanism [45], try to explain interactions that violate CP [46].
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3.1. Lagrangian

We will consider the so-called Minimal Left-Right Symmetric Model (MLRSM) with a bi-

doublet and a triplet scalar, where the parity invariance is imposed before the SSB down to SM

symmetry.

3.1 Lagrangian

The electroweak Lagrangian in this symmetry is similar to that of SM in eq. (1.1) but includes

new

<z

multiplets
= =3B RuwFl g — 1G G ... Vector sector
+iW; L, DY, L.r+ hc ... Fermion-Vector sector

+Ts, (D + DY) Wi+ he,
+i (Lip, r)*Mijo2 AL rLjL R + h.c.

.. Interaction sector (Yukawa)

+Tr [(DNAL’R)T (D“ALA,R)} +Tr [(D,ﬁI))Jr (D“@)} — V(®) ...Scalar-Vector sector (Higgs)
(3.2)

The relevant aspects we have to point out about the terms in this Lagrangian are:

In the vector sector there are six tensors for the SU(2); ® SU(2)r symmetry, three for
Firyw = 0,Wir, —0,Wir u+9r€i5Wir Wiro, t =1...3, three for Fip,, = 0,Wig, — 0. Wi, +
9r€ijWir Wir, whose gauge vector fields W;; r, are associated to SU(2); r generators
(ei;1 are the structure constant of this Lie group) and one tensor for the U(1) 5_;, symmetry

G, = 0,B, — 0,B, where B, is associated to the single generator.

In the fermion sector left doublets ¥;;, i = 1...3 are representations of the left-handed

leptons L;;, or quarks @;r, while ¥, are the corresponding right-handed doublets L,z or

Qir-

The Yukawa sector takes into account two classes of scalar multiplets, the first one are
the bi-doublets ® and & = o2®0y which couples with left anti-doublets and right doublets
like in Q,,®Q,r (that is why it must be a bi-doublet). The need use & in addition to ® is
to obtain all possible couplings with fermions. The second class is the triplet A r which

ensures Majorana mass terms for neutrinos to perform seesaw mechanism [47].
In the Higgs sector, since scalar multiplets are bi-doublets and triplets (the latter written

in its adjoint representation), their corresponding kinetic terms are written using a Hilbert-

Schmidt inner product, Tr [(D“(I))T (D,;I))} or Tr [(D“ALR)T (DHAL,R)}. The potential V()
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Chapter 3. Modelo SU(2);, ® SU(2)gr ® U(1)p_1,

is defined in its most possible general form considering these scalars and the discrete

symmetries if aplicable to the theory [48].

The covariant derivatives for fermion doublets V;;, r are

DEW, = {3“ +igr T Wiy + ’igB—LB“YB—L} Vir,
(3.3)
DiWip = [0+ ignTi R W]y + igp-LB" Yo 1] Win,

where:
* g1, gr Y 9p—1 are the coupling constants of SU(2), SU(2)g and U(1)z_1, respectively.
® Values Yp_; = B — L are the corresponding hypercharges.

* Wj, r with j = 1,2,3 are the six gauge fields that correspond to SU(2),r generators and
B* is the gauge field of U(1)p_r, group. It is important to remark that after breaking these
gauge bosons mix themselves to form the physical (mass) states Wfi and ng, Zi' and

Z1, as well as A*. However, (W, Z),, and (W, Z) have very different masses after breaking.

Left- and right-handed fermions doublets transform as

U, = U, =Up_ UL,
(3.4)
Vg = Vip =Up_LURV;p,

where UL,R = exp [igL,RTjij,R(x)} and UB—L = exp [igB_LYB_Lf(;E)]. Like in SM, TJ = % are the

SU(2)r,r generators and Yp_; = B — L is the hypercharge.

The gauge fields transform as

Wi r@) — Wl g(x) =W/ g(x) = Owir r(x) — g rEijwiLR(T)W]] R(2),

, (3.5)
Bi(z) — B (z)=B"(x) - 9" f(x),

where f(z) and w;z r(z) are real function-like parameters and ¢, = 4 Tr{[o;,0;] 04} is the
Levi-Civita tensor or the structure constant defined for SU(2), r group. Matrices o; are the

Pauli matrices.
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3.2. Conserved charges and particle content

The covariant derivatives for scalar multiplets are

Drb = 0rd i [grTIWI @ — gr®T W],
(3.6)
DAL R = O*ArLr +igL,R[1}WJHL,R,AL,R} +igp—LB*AL R.

For the Ay, i case, its derivative has the usual form with a commutator due to the way
they are constructed (See (F.13)). But, for the ® case, its derivative has a special treatment as

we will show later.

In accordance with the Yukawa sector in Lagrangian (3.2),

\I’iL(I)\I’jRITi@‘I)@QR:l:>(13=2L®2*R

(Uin,r)(102) AL RV LR (2"RAR2) L r=1=ALr=0282")r=0Bd1)L .

Then, ¢ transforms as a bi-doublet whilst Ay i as a triplet in its adjoint representation to
be coupled accordingly to fermions. Like any symmetry triplet Ay g — A} p = Up-LUL RAL R,
being Uy r the spin-1 representation from SU(2), that is the reason why it is written in the

Lagrangian in its adjoint representation. The gauge transformations are

o — O = UL U,
(3.7)
AL,R — A/L,R = UBfLUL,RALyRUz,R'

These A r transformations allow terms such as (L, R)Chf‘f Apr rLjp r to give Majorana
mass terms for neutrinos after SSB, while terms including ¢ or & permit ad-hoc Dirac mass

terms for all fermions like L,z (hi;® + hi;®)L; 1 g.

In the next section, the particle content is described separately in the fermionic, bosonic

and scalar sector of the lagrangian; all of them in terms of their electric charge operators.

3.2 Conserved charges and particle content

The charge relation is,
B-1L

@ _ T3, + T3k + () L. (3.8)
e 2

As in SM, T35, and T5p are the third isospin generators, but in this case they act only on
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Chapter 3. Modelo SU(2);, ® SU(2)gr ® U(1)p_1,

the left (75.) or right (75z) multiplets respectively. The letters B and L are the baryonic and
leptonic number respectively. Besides, the introduction of the B — L symmetry contains the
existence not only of Majorana neutrinos (AL = 2) but also n + 7 transitions (AB = 2) when

breaking this symmetry [49].

3.2.1 Fermions

This symmetry requires the introduction of right “partners” for the fermions and gauge bosons.
Unlike SM, where the left fermionic fields are presented in doublets and the right ones in
singlets of the symmetry, here all fermions (left and right) have a doublet representation for
the three flavour families i = 1,2, 3 [43].

17 1)

~ (2L,1r,B—L); ¥;p =

€; €
/L '/ R

~(1L,2r,B— L), (3.9)

where the hypercharge is B — L!!l. This choice of hypercharge ensures the known electrical

charge of the components that are assigned after the SSB with Eq. (3.8).

In SM the procedure (1.5) was done for doublets. Here this procedure is done twice (for

the right and left representations) and the electric charge operator for fermions are:

1[{1+B—-L 0

Q(Yr.r) = 5 . iBoL (3.10)

LR

In lepton sector, doublets have B = 0 and L = 1 while in quark sector B =1/3 and L = 0.

That assignment gives the expected values for electric charges.

1st 2nd 3rd T3 r Q B-L
u ¢ ¢ +3 +3 1
T3
d s b —1 -1
L,R L,R L,R L,R L,R
Ve vy Vs —l—% 0 ]
_1 _
€ L,R H L,R T L,R 2/ LR L L,R

Table 3.1: Fermionic charges in 3221-LR families.

(IIThe factor 1/2 is a matter of convention like in the SM to get integers numbers mostly.
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3.2. Conserved charges and particle content

3.2.2 Vector Bosons

Like in the SM, before the breaking gauge bosons within the Lagrangian are represented as

triplets in the adjoint representation of SU(2)r : W, ~ (31,1r) and of SU(2)r : W#R ~ (1r,3R).

QW) = [T37WM} = . (38.11)

However, it should be noted that, although the electrical charges of the left components
are the same as those of their right counterparts, the masses after breaking are very different.
Unlike fermions, the denomination left or right do not incise in the mass value; they are only
labels to indicate belonging to a certain symmetry (L or R) and to identify which boson comes
out of the covariant derivative that acts on the left or right doublets. The mass of the right
components turns out to be much greater than their left counterparts and that explain their

existence at very high energies justifying the reason why they are not found yet.

The gauge-covariant derivative is

(B-1),

DF = 0" +ig W/ T, + igrW!RTir — igB1L 5 1

(3.12)

The matrices T;; r are the three SU(2). r generators and act only to the L, R doublets

respectively.

It is common to make in the Minimal L-R Symmetric Model (MLRSM) g; = gr = g if you

want the theory to have parity symmetry from the beginning. Considering that, we may define
2

2
two phases that relate the coupling constants cosf = %—i_ﬂ and cosfpr = 297 It
9% +2gB1L 9>+ 9BL
can be demonstrated (See appendix (E), eq. (E.8)) that
1 2 1
— = (3.13)

In order to be in accordance with the fact that this symmetry contains that of SM, the left
handed contributions have to coincide with the SM couplings. That means the g is assumed to

have the same value as the SM g;, then gg; = 0.4133.
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3.2.3 Scalar Bosons

Following the MLRSM presented in [43], the scalar multiplets can are represented with one

bi-doublet and two triplets [43]. The bi-doublet ® gives Dirac mass terms to fermions while the

triplets give Majorana mass terms to neutrinos.

©— b1
P21

1)
A, — 11
021

1)
Ap— [0
021

®12

~ (2L7 2*Ra O) )
P22

d12
~ (3L7 1R7 +2) ; (3 14)

)
22 )y

)
- ~ (1L73R7+2)7
022 J

Bidoublets have the representation 2; ® 2} and may be built from ¢ = ((;51 ¢§), where ¢ o

are left Higgs doublets and then ¢§ is right handed. Since the two doublets are opposite in all

charges, hypercharge B — L for ¢ is always zero and it is suitable for coupling with fermions

forming Dirac mass terms after breaking. Then,

- @ =ULdU},

~ (12 + i€T3L) P (12 — ieTgR)

=+ je (Tg,L(I) — (I)T;),R) .

The charge operator for bidoublet is

-1 0

Q(P) =T3P — T3 = ( 0 H) : (3.15)

which means that the bidoublet components may be written down as
0 +
& — o1 ®3 . (3.16)
¢r 5"

For the triplets case, in SU(2) g, it is verified that 2 ® 2* =3 @ 1 [41]. In tensor form, be

u®, vp, a,b = 1,2 are doublet and anti-doublet of SU(2) respectively, then their multiplication
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3.2. Conserved charges and particle content

may be represented in matrix form,

ulvl ulvg
7‘};0, — uavb —
u2v1 U2’U2
wv;  uwlvg 1 [ wlvr + vy 0 1 [ ulvy + vvy 0
= — — + —
w?v; ulve 2 0 ulvy + u?ve 2 0 wlvy + uvy

1 1
= <uavb — 25gukvk> + iégukvk.

The first addend has the shape or a SU(2) triplet tensor, then it could be related with
Ar r ~ 3r.r- The second addend is a singlet ~ 17 r. Since doublets transform as uy p — u’L R=

Up_1Ur rur, g then the triplet Ay r is transformed as

A/L,R = (UB—LUU)L,R (”CUE—LUT)L,R

~ (13 4ie  Tsp.r + B-L) (uv®) |15 —ie ( Tsp.r + Eifi*h
i (s (555) o) 00 o (s (555), )

x 3.17)
B-1L B-1L (
~ uwv® + e (Tsp, puv® — uvTsy, g) + te (< > - < > ) uv®

1 2

2 2

. B—-L
=Apr+ie[Tsr,r, ALR| + <2> AL R,

where B—L = (B — L), —(B — L), and the subscripts 1, 2 correspond to the doublet hypercharges

of u, v respectively. Therefore, the charge operator for the triplet is

B—-L
Q(ALRr)=[TsL,r ALR]+ (2> AL R. (3.18)

The electric charge operator is

1 B—-L +24+B—-L
Q(ALr) = 3 ) (3.19)

—2+B-L B—-L
L,R

It can be noticed that if we choose v = v, then B — L must be twice the hypercharge of w.
This makes sense because Ay, r is coupled with two doublets with same hypercharge in the
lepton sector L; g and (L r)¢. Moreover, in this model these doublets have hypercharge —1

and so the hypercharge of A; r must be +2. Therefore, the electric charge operator is

+1 42
Q(ALR) = , (3.20)

0 +1
L.R
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and the triplet content may be written as

5+

9 st
Apg= f o (3.21)
V2/ LR

which came from the original triplet gauge states ¢;, i = 1, 2, 3 before breaking.

Regarding to exotic multiplets, we can replicate the same SM multiplets, like in (1.4.4),

but with left and right chiralities.
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Chapter 4

Charges in the model

SU(3)c ® SU(3)1, ® SU3)g ® U(1)x

The development of left-right symmetry extensions to the SM were motivated by the explanation
of the parity (and/or charge conjugation) violation in weak interactions observed at low energy.
In this case, the model carries the benefits of the 331 and 221-LR model: the latter in which
parity symmetry is preserved and the former which explains why only three families are

observed by anomaly cancellation (see the appendix in [9]).

The chosen model is able to generate Dirac or Majorana masses for neutrinos and is a

left-right extension of the 331 chiral model explained before. The charge relation is
Q="T5, +Tsr+ B (Tsr + Tsr) + X, (4.1)

where, as in 221 L-R models, operators T3y g y Ts1,r are applied over L or R fields only.

The particle content is in accordance with [9] and [10], but for a general 5. However, it
has to be mentioned that this symmetry was considered firstly in [12] considering only scalar

triplets and that is why fermion masses were generated by five-dimensional operators.
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Chapter 4. Charges in the model SU(3)c ® SU(3);, ® SU(3)r ® U(1)x

4.1 Lagrangian

The electroweak Lagrangian in this symmetry is similar to the previous ones with extended
multiplets.
L =—3FiLruwF! g — 1Gu G ... Vector sector

— Fermion-Vector
+iV L PV R + h.c.

sector
+QurGab®* Qur + Q3. G33PQ3r + Qo GasP*Qsr + Q31,G3.PQur Interaction sector
F LG ® Lo + Gl (LFAL Ly + Ff AL R ) + huc. " (Yukawa)
+Tr [(DMAL‘R)f (D“AL,R)} + Tr [(DLKI))Jr (D’@)} Scalar-Vector
T [(D/LP)T (D#P)} —V(®,A, P) " sector (Higgs)

4.2)
The principal features of this Lagrangian are:

* In the vector sector there are sixteen tensors for the SU(3); ® SU(3)r symmetry, eight
for Fip = 0, Wiry — OuWir u + g1 fijakWiL uWhiiro, 4, j, k = 1...8, eight for Fig ., = 0,Wir., —
OWir u+9rfijtWir . Wrr, Wwhose gauge fields W, g, are associated to SU(3), g generators
(fi;x are the structure constant of this Lie group) and one tensor for the U(1)x symmetry

G, = 0,B, — 0,8, where B, is associated to the single generator.

¢ In the fermion sector V¥, are left triplets, where [ = 1...3 are flavour index. Representa-
tions of the left-handed leptons are written as ;; and quarks as Q,;r, while ¥, are the

corresponding right-handed triplets L;z or Q;x.

* The Yukawa sector was written down taking into account after breakdown Dirac mass
terms for all the fermions and Majorana mass terms for neutrinos. Then, the following

must be fulfilled for the scalar multiplets ¢, Ay r and P:

QsrPQ3p:3, @P®3p=1=> & =3, ©3%
(L, R)§ ALR(L,R)m :3LR® AE,R ®3Lr=>ALr=3Lr®3Lr=3"®6)Lr
Q3. PQur 3, @ PR3h=1=P=3,23p
which means that the usual Dirac mass terms are obtained if ® is a bi-triplet and P is a
bi-fundamental multiplet while the Majorana mass terms are achieved with Ay r being a

left or right sextet. The bi-triplet ® couples with left and right quark triplets belonging

only to the third family due to their hypercharge assignment (as we will see later), that is
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4.1. Lagrangian

why «a,b = 1,2. The sextets Ay p ensures Majorana mass terms for neutrinos to perform
seesaw mechanism and the bi-fundamental field P completes the coupling with third

family of quarks.

¢ In the Higgs sector, since scalar multiplets are bi-triplets, bi-fundamentals and sextets,
their corresponding kinetic terms are written using a Hilbert-Schmidt inner product,
Tr [(Dra)! (D,@)} ,Tr [(DMAL,R)T (DMAL,R)] and Tr [(DMP)T (D#P)} . As usual, the potential
V(®, A, P) is defined in its most possible general form considering discrete symmetries if

aplicable to the theory [9].

The covariant derivatives for fermion triplets ¥, r are

DMy = [0F 4 igi Ty Wy +igx BAX | Wi,
(4.3)
DiWip = |0+ ignT;nWiy + igx BYX | Win,

where:
* g1, gr Y gx are the coupling constants of SU(3), SU(3)r and U(1)x respectively.
* X is the corresponding hypercharge.

o W;‘L R With j = 1...8 are sixteen gauge fields that correspond to SU(3).,r generators that

mix with B*, the gauge field of U(1)x, to form mass (physical) states after breaking like in
SM. It is important to remark that W}' and Wy, are not related after SSB.

Fundamental representations (fermions triplets) transform as

U, — \IJ;L =UxUr¥,

(4.4)
Uir — Ui = UxUr¥g,
where Up p = expligr, rTjwir,r(z)] and Ux = exp[igx X f(z)]. Like in 331, T; = % are the
SU(3)r,r generators and X is the hypercharge.
The gauge fields transform as
Wh wl@) — Wi p(@) = W p(2) — 0wirm(@) — gr.rfirwir.r(@) W]y p(2), (4.5)

B'(x) — B"(z)=B(x) - 0"f(x),

where f(z) and w; r(z) are real function-like parameters and f;;; = & Tr{[\;, \;] A} are the
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Chapter 4. Charges in the model SU(3)c ® SU(3);, ® SU(3)r ® U(1)x

structure constants defined for SU(3); g group. Matrices \; are the Gell-Mann matrices.

The covariant derivatives for scalar multiplets are (see appendix (F))

Dre = 9" i (g Ty @ — gr®Ty Wiy
D#AL,R = 8”AL7R + igL7R {TJW]HL,RALR + AL,R(TjWJHLyR)T} + ingB“ALR, (4.6)
DRP = 9UP+i[g T Wl P+ grP(L;W /)| +igx X BHP.

As in the chiral 331 case, the sextets have a particular way of transforming without a
commutator. In the three cases, the scalar multiplet transformations lead us to write the way

they would be built accordingly.

® = & =ULdU},
AL,R — A/L,R = UXUL,RAL,RUER> (47)

P%PI:UxULPUR.

With all these transformations, the particle content can be described separately in the
fermionic, bosonic and scalar sector of the lagrangian; all of them in terms of their electric

charge operator.

4.2 Fermions

Quarks and leptons are left- and right-handed triplets (or antitriplets) like those of 331 case,

and their charge operators are defined in equation (2.12),

Q(TL,R):%diag (1+§§+2X,—1+\%+2X,_2\%+2X)
=diag<1;q+X7 _23_q+X,2q;_1+X)
1. 3 5 3 (4.8)
Q( E,R):idlag (‘1_\/§+2N71—\/§+2X*,2\/§+2X*>
diag<13+q+X*,2§q+X*,2(]31+X*>.

For simplicity, it is usual to write the components in terms of the electric charge of the third

lepton component g = #
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4.3. Scalar bosons

+2/3 2 +2/3 1 +2/3 +2/3
Q3Lr, | -1/3 +3 -1/3 |3 -1/3 |, +3 ~1/3 |,0

+5/3 —4/3 +2/3 +1/3

~1/3 1 ~1/3 9 ~1/3 ~1/3 1
Qur,Ry | +2/3 )3 12/3 ,+§ +2/3 | ,0 +2/3 ,+§

—4/3 +5/3 ~1/3 +2/3

0 0 0 1 0 2
(L7R)’i7 -1 ’ 0 —1 ,_]. —1 —g —1 7_5

+1 —2 0 —1

Table 4.1: Fermionic charges for different values of § and a = 1, 2.

These six triplets replicate the charges of the chiral 331 model, adding those of the right
chirality.

4.3 Scalar bosons

Four scalar multiples are proposed: one bitriplet ®, one bifundamental P and two symmetric

sextets Ay g.

m pP1 X1 P11 P12 DPi3

P=1m po x2|~@3L,3r,0), P=|pa pa2 pos | ~(1,3L,3r, Xp),

N3 pP3 X3 P31 P32 P33
(4.9)
o1 02 03 o1 02 03
Ap=\oy o4 o5| ~1,6L,1r,X5,), Ar= |02 04 05| ~(1,1L,6R,Xsy).
g3 05 (of] I g3 05 [of] R

The bitriplet can be built from a left triplet and right antitriplet, ® = v Lv};, then the transforma-

tion is

® — @ = (UxUpvy) (UxUgor)' = ULoU},
~ [13 + e (T3 + ﬁTg)L] ) [13 —7e (T3 + 6T8)R]

~®+ ie[Tg + 5Tg, (I)],

where the usual values of «;(z) and f(z) have been assumed like in chiral 331 for sextet S.

The bitriplet has zero hypercharge as a consequence of its own transformation.
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Chapter 4. Charges in the model SU(3)c ® SU(3);, ® SU(3)r ® U(1)x

The charge operator for the bitriplet is

Q(®) = [T3 + BTz, ?]
0 +1 3 (1 + 37%) (4.10)
- ~1 0 i (—1 + 37%)
_%<1+f’7%> %(1—\?’/—%) 0

For the possible values of 3,

0 +1 -1 0 +1 +2
B=-V3: Q@) =|-1 0 —2|,8=4+V3:Q@®=|-1 0 +1],
+1 42 0 2 1 0
4.11)
0 41 0 0 +1 +1
1 1
= ——": =1 - — =—:Q(®) =] =
B 7 Q) 1 0 1|, 8 7 Q(P) 1 0 0
0 +1 0 1 0 0

This result is consistent with charges in table (2.4) and the fact that bitriplet is made up
of @ = (7, p, x) for any S.

The bifundamental multiplet can be built from a left triplet and right triplet, P = wywk

with hypercharge X', then the transformation is

P — P = (Uywy)(Urwg)" = U, PUL
~ (1+ieX') [13 +ie (Tg - \@TS)] P(1+ieX') [13 +ie (Tg - ﬁ:r’,%)}

~ P+ ie{T" + BT®, P} + ieXP,
where X = 2X’. The charge operator for P is

Q(P) = {T®+pBT® P} + XP =

(1+5+%) (5+%) 5(1- G +2x) (4.12)
= (%JFX) (—1+%+X) %(1+%—2X)
%(1—%+2X) —%(1+%—2X) (—2—33+X)

This result shows that this field can be considered as symmetric multiplet if the theory requires

it.

P is design to be coupled with quarks, e.g. Q,;,PQ.r. Therefore, the hypercharge
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4.3. Scalar bosons

assignment depends on 5.

+1 0 +2
B=-V3X=41:QP)=] 0 -1 +1],
+2 41 43
+1 0 -1
B=+V3.X=-1:QP)=|0 -1 -2,
-1 -2 =3
+1 0 +1
1
= T = =+ P = 0 -1 O 9
+1 0 +1
+1 0 0
b=~ x=-L.qp=|0 -1 -1
= X=—3: - P
0 -1 -1

Finally, the two sextets A p receive the same treatment as the sextet of model 331 and the

electric charges of their components are the same as equations (2.27) and (2.28) but duplicated

for left and right. Then

1+ 24N £ %(1—%)“\7
Q(ALR) = Z+N 1+ 24N —%(1+%N)—N
Li-&)+Nn —1(1+5)-N ~% 4N
(4.13)
21-q¢)+N —1(1+29)+N 1(2+¢+N
= -50+29+N -32+9+N —5(1-q)+N
1249+ N  —i(1-¢+N 2(1+29)+N
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Chapter 4. Charges in the model SU(3)c ® SU(3);, ® SU(3)r ® U(1)x

For the possible values of § and Ap p = 77L,R77£R (N(ApL.r) =2N(nL.R)),

0

B=-V3 or g=+1, N(ALr)=0: Q(Argr)=]|-1
+1

0

B=+V3 or g=-2, N(Argr)=-2: QArLgr) =|-1
-2

0

B=—Zdz or ¢=0, N(Arp)=-2: QALg) =|-1
0

0

8= % or ¢q=-1, N(Apr)=—3: QALgr)=|-1
-1

4.4 Vector Bosons

-1

+1
0
+2

(4.14)

Like in 3221-LR model that has the same vector boson matrix as the Standard Model, only

duplicated (one for the right bosons and one for the left ones), the same happens in the 3331-LR

model. That is, the WL, r matrix has the same shape as that of model 331 only in two versions,

L and R.

Therefore, the charge operator for 331 version is duplicated here

QWour) = |Tf g+ BT g, Worn

And the electric charge content is the same as equation (2.15).

B=+v3,q=-2 B=1/V3,q=-1 pB=-V3 q=+1

(4.15)

B=-1/v3,q¢=0

0 +1 +2 0 +1 +1 0 +1 -1
Waur| [-1 0 +1 1 0 0 1 0 -2
2 1 0 1 0 0 1 2 0

Table 4.2: Electric charge eigenvalues for gauge bosons
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Chapter 5

Conclusions

This work studies a method to obtain the electric charge operator to different multiplets from
the SSB applied to generators to gauge symmetry groups. From there, the electric charges of
particles in gauge theories are all worked out. The method has been tested in four different
gauge symmetries and has been successful in all of them, by verifying its validity in the values
of electric charges already known and generating confidence in the results for new charges of

exotic particles.

On the other hand, the charge eigenstates obtained give us some properties of scalar
multiples (especially when these are matrix representations 2 x 2, 3 x 3, etc.) when developing
new theories, as mentioned for the sextet of 331 and the & and P scalar multiples of the

3331-LR model.

In the case of vector bosons, there is an additional contribution: to demonstrate that
their electric charges can be calculated in their fundamental representation or in the adjoint
one. However, it must be said that the electric charges for the neutral vector bosons we found
are those of the gauge eigenstates and not for the mass eigenstates. Despite this, the gauge
bosons that shape the vector bosons in their respective mixing might be considered with zero

eigenvalues due to the fact that they do not transform in this symmetry.

There are more motivations to continue developing our research in this way, for example we
have found relations between hypercharges in 331 models, which makes us think that probably
there exists a minimal extension that establish all the charges (including hypercharges) from

the beginning.
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Chapter 5. Conclusions

What follows is to use the method in GUT symmetries proposing new multiplets in an easy
and safe way with the new couplings that this entails. Then Lagrangian could be constructed
in an easier way than the traditional way. In the group of Phenomenology of High Energies in
our faculty the method would be of great help since we worked also analyzing properties of

extended gauge theories.
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Appendix A

Invariance of the vacuum

expectation value (vev)

In minimal EWSM with just one scalar doublet, the symmetry SU(2); ® U(1)y is broken to
U(1)o and Higgs mechanism establish the following

b ot _ o1+ ide
v+ ¢° vt s +ids)

0

where the chosen vacuum is (), = (
v

) , v € R. This vacuum has to be invariant under

SU2)L@U(1)y.

Recall that the doublet transforms as

D =UUy® = Ti@) iz f@) g
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Assuming the invariance of (®),,,

@)y~ (Tay(0) + )12 (0)

(A.1)
v [ aq(z) —ias(x) 0
= — — s
2 \~as(2) + f(a)Y 0
from which it follows that o4 (z) = az(z) = 0 and a3(z) = f(x)Y.
Then, the transformation remains as
2 A.2)

= ieQP,

where in the last equality f(z) — e taking into account that the electric charge is the conserved

charge of the global symmetry U(1)g and @ = T3 + > 1.

Applying the U(1)q gauge transformation on the doublet using Y (®) = 1,

5P ~ ie (T3 T 1]12) o1+ id2
2 v+ p3 +igy

o +e 0 @1 +ig2
0 0) \vtostios)

which tells us that ¢; +i¢> — ¢+ has an electric charge +¢ and ¢3 +i¢, — ¢° does not have one.

(A.3)

Namely,

d(p1 +i2) = +ie(Pp1 +i2); 6(¢3 +igs) =0 (A.4)

This method can be extended to other symmetries. For example, in the minimal elec-

troweak SU(3); ® U(1)x with three scalar triplets
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Chapter A. Invariance of the vacuum expectation value (vev)

Na Uy 11 A 112
N=1m|=| mt+im
e M5 + 116
Un
The chosen vacuum is (), = | 0 |, v, € R. This vacuum has to be invariant under U(1)q.
0

Recall that the triplet transforms as

n— T]l = ULUNU = eiTJO‘j(w)eian(w)n

~ (13 +iTja () +iNy f(z)l3) n=n+dn.

Invariance of (n),:

5 (no ~ i (Ta(x) + Ny f(2)13) | 0

0
(A.5)
2N, f + (6%} + 0
1y
= 5 aq + 1o — 10
oy + ias 0
from which it follows that a; = ay = a4 = a5 = 0 and 2N, f(z) + a3 + “—\/fi =
The second triplet is
Pa P1 + iP2
P=1p|=|vp+p3s+ipa
Pe ps + 1pe
0
The chosen vacuum is (p), = | v, | , v, € R. This vacuum has to be invariant under U(1)q,.
0

The triplet transforms as

p—p =UUnp~ (13 +iTja;(x) +iN,f(z)l3) p=p+dp.
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Invariance of (p),:

0
5 (p)g =i (Tjaj(z) + Nypf(z)l3) | v,
0
(A.6)
a1 — iOéQ 0
i, o
=5 2pr(1’) — a3+ /3 — 101,
ag + 1y 0
from which it follows that a; = as = a4 = ay =0 and 2N, f(z) — oz + O‘—Z =
And the third triplet,
Xa X1+ ixz
X=1xo | = X3+ iXxa
Xe Uy + X5 + iXG
0
The chosen vacuum is (x), = | 0 |, v, € R. This vacuum has to be invariant under U(1).
Ux
As before
x = X &~ (L + iTjoj(x) + iNy f(2)13) x = x + 0x.-
Invariance of (x),:
0
6 () =i (Tjaj(z) + Ny f(2)1s) | 0
v
* (A7)
ay — Qs 0
10y )
= oY g — tay — 101,
2N fw) -2 ) \o
from which it follows that oy = a5 = ag = oy =0 and N, f(z) — % =0.
If we put together the results of (A.5), (A.6) and (A.7), we have
ar=ay=ag4=a5=ag=ar =0
(A.8)

and N, + N, + N, = 0.
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Chapter A. Invariance of the vacuum expectation value (vev)

Let us notice that the electric charge content of the triplets depends upon of the values of

a3 and asg.
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Appendix B

Adjoint representations in SU(2)

and SU(3) symmetry

In Standard Model, the triplets are transformed with the adjoint representation of SU(2) and
are represented as 2 x 2 matrices which is the appropriate dimensions to be coupled with
doublets. Here, the equation (1.3) is not enough for giving electric charges because of the

operator dimensions involved. Then, a new transformation has to be performed.

Let a triplet 7 = (t1,t2,t3)" be transformed as 7 — 7' = exp[if;T,|T, where T; is the
adjoint representation for SU(2) and spin 1/2. We can demonstrate that this transformation is

equivalent to the representation 7 = % ; being transformed as 7 — 7' = ¢% FTe 0%

That is,

T — it %%efwj i

~ (1 +7:9]%) 7 (1 —iaj%) z%ﬂ'[@%,ﬂ

_ ’7_+ 1 t109 — to20, tals — t3605 — i(tg@l — t193)
2 \ 105 — t30y + i(ts0; — t103) —(t162 — to6y)
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Chapter B. Adjoint representations in SU(2) and SU(3) symmetry

~ Ot 0ty — 10ty
, then 07 =~ 3 . So at first order,
th 4 ity —t3 St1 + 16ty — Ot

_ ts g — ity
AsT =3

(Stg ~ t102 — t291
5t1 — Z(Stg ~ t203 — t392 — i(tg@l - t193)
5t1 +1 5t2 ~ t293 — t392 + i(t301 - t193)

—(5t3 ~ — (tleg — t291).

Solving for the variations,

o0ty tol3 — t30, 0 03 —0o t1
Oty | = | 301 —t103 | = 03 0 04 to |
5t3 t192 — t291 92 791 0 t3 (B 1)
—_—
zGﬂI‘j.

Or, 0T ~ i(0;T;)T, which means that 7" = exp[if; T;|T.

We conclude that transforming 7 with the adjoint representation of SU(2), the same result

is obtained if 7 is transformed with the fundamental representation of the same Lie group.

For the SU(3) case, we can define an octet O = (t1,ts,t3,t4, 5, 6, t7,tg)” which transforms
as O — O =exp [z‘@ﬂl‘ﬂ O, where T, are the adjoint representation for SU(3). As before, we can
demonstrate that the O transformation is equivalent to the transformation of O = i);t;. That

~ ~ . A; o~ . A
isO—= O =e%3 Oe 0%,

6/ — ei@,-/\j@ve—iejAj
~ (113 +iejA2j> 9} (]13 - wf;’) ~ 6+¢{9f2j,6}

~ 4
=0+ M,
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where

My =01 (—t2) + Oaty — O4ts + O5ty

05t 1 0+t 04t Ogt
Mo = —illits — Ot + i0st1 + Osto + *204156 + 526 *Z'05t7 - 296t4 + % - 297755 — 477 — %
1 0.t 0ot O3t 1. . .
Mz = 5291756 + 177 + % - = 92t7 7293154 + 325 — 5204t3 — 51\/§04t8 - 5\/595?58 — ileﬁtl
1. 1. 95t3 Ogto O7t1
—1i0+t — Ost —V30gts — — — —— — ——
+2172+2’L\/§s4+2\/§85 9 5 9
. . 1. 05t 1, 0t 1. 04t Ost
M21 = 201t3 — 02t3 — 103t1 + 93t2 — 5194&5 + % — 5195t7 + 296t4 + 724 5207t5 — % — %
My = 91?52 — bat1 — Ogt7 + O7ls
01t 1 1 04t 0t
Moz = 291t4 + 125 §i02t5 — §i93t6 204t1 + 422 Z05t2 + 206t3 — Z\[eﬁtg + 723
1 9 t O3t 0 t
L Bty + LivBasts + LB - % skt
9 t Ost, Ost 1 1 1 1
M3z = —*Zoltﬁ + 247 + 26 + 192t7 — 7293254 + — sts + —if4t3 + *i\/§94t8 — *\/595158 + —ifgty
2 2 2 2 2 2 2
0 t Ogt 0+t
- 7i97t2 - fi\/§08t4 + —\/§egt5 - % - % - %
01t 04t Ot
Mszo = —7201t4 + 125 292t5 + 5193t6 + *Z94t1 + 422 7195152 — 196t3 + *Z\[Gﬁtg + — 3
. 92t4 O3tz 95t1
_ - _ = 3t — 24 73T TN
2\/§97t8 22\698% + 2\/5 8l7 D) 9 B
Msz = Osts5 — O5ts + Oty — Ot
(B.2)

ts + \f t1 — ity ty4 —itls

Since O = Ixt; =3 | ¢ +ity %—t?) te —it7 |, then
ty +its  tg+ity —2e

V3

Otz + 22 =2Myy, 6ty —idty = 2Mya, Oty — idts = 2Ms3,

/5=
(5751 + Z(Stg = 2./\/1217 5t3 + &8 = 2M22, 5t6 - i5t7 = 2M23,
8ty + i0ts = 2Msy, Ot + 26t7 =2Mjy,  —2 =2 M.

=
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Chapter B. Adjoint representations in SU(2) and SU(3) symmetry

Solving for the variations,

5t tals — t302 + 3 (tels — ts0s + taby — t7604)

6; t301 — 1103 + 1 (t406 — te0s + t507 — t705)

St t105 — ta0 + 5(t405 — t504 + t706 — tebr)

Oty | 1(t166 — tebh + t705 — to07 + 304 — t405 + V/3(t505 — tsb5))

Ot h 5(t304 — t403 + t106 — t01 + t702 — ta07 + V3(tshs — t40s))

dte L(t105 — t501 + taby — 140 + t307 — t7603 + v/3(L0s — ts6+))

otz 2(t104 — t401 + t20s5 — ts0s + t305 — tebs + V/3(tsbs — te0s))

s @(t495 — t504 + tgO7 — t70s)
Y
0 6 % S e
T 1
- ~& & & 0 % 4 V308 & & —3/305 ty
A Y Ik
0o 0 0 /30 —1v3e, B 136 0 i

0,1
(B.3)

It means that the transformation in the adjoint representation 60 = i0;T;0 or O =

~ X o~
exp|if;T]O, gets the same result as the transformation O’ = ¢i% % O~ .
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Appendix C

Charge Operator

C.1 Conserved charge in U(1)q

An example of a gauge theory with U(1) symmetry is QED, whose lagrangian is

L= (P —m) b~ 1" Fu, (C.1)

In global case, D,, — §,, and fermionic fields transform like ¢'(z) = ¢'%/+(z), with constants
g and f. Then dy(z) ~ igeyy(x), where f — e. Besides, in this case §A4,(z) = 0 and tensor

F# =90,A,(x) — 0,A,(x) does not transform.

According to Noether’s theorem, the conserved current in this symmetry is

oL

-
7= 30.9)

5 = —eqpy*ip. (C.2)

The gauge group has a generator ) with eigenvalues ¢. In quantized theory, the operator
@is
Q= / 2] = —eq / dPayy, (C.3)

which is called charge operator, and if it is written in terms of raising and lowering operators,

results the net charge of particles and antiparticles, according with equation (C.8).

On the other hand, in the local case the fields are transformed ¢'(z) = €'4/(*)¢(z), with
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Chapter C. Charge Operator

dp(z) = iqf(z)¢(x). In this case, the associated gauge field is transformed A (z) = A,(z) +
10, f(x).

Here, the conserved current with respect to the part of the Lagrangian that corresponds to

Maxwell F,, F* is

oL 1
[ — — __ Ry
=5, 504y = =5 PO, f (@) (C.4)

That is, Noether’s current can be assumed as F*”0, f(z). It is known that for gauge
symmetries (local) the second Noether theorem is applied where conserved charges are not
obtained; these latter only come from global symmetries applying Noether’s first theorem.
However, it can be shown that for the QED there is a relationship between the local symmetry

U(1) and the electric charge.

Q= /J°d3x = /FOiaif(x)de
= /ai (FOif(:r)) B — /(81-F0i)f(x)d3x.

But 9, F* = 0, then 9;F"* = —9yF*°. For = 0, 0; F% = —9yF° = 0. That means that the

last integral has no contribution and the charge left

_ _ 0i\ 73, _ _ 2=
Q—/@Z (f(x)F”) d’x f;f(x)E nds, (C.H)

because F* = —F;. If S — oo, the principle of charge conservation requires that f(z) be a

constant in S, so that @ is proportional to the electric field flow and Gauss’s law is applied,

Q:—efﬁ-ﬁds = —eq, (C.6)
S

making f — e. This result is identical to that of (C.3) with adequate normalization of [ A3t
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C.2. Particle-Antiparticle

C.2 Particle-Antiparticle

The total charge of a spinor is Q = ¢ [ d*z¢Ty, with {¢'(z),¢(y)} = 6*(z — y) y {v(2),¥(y)} = 0.
Then,

v@)Q = ¢ [ Eyi@v v
—q [ @8- o)~ q [ Ei )00
— qu(x) + Qb(a)

Q') =a [ @y v @
—q [ @yl 8- +q [ Epl @ e
= (@) + ¥ (2)Q

Therefore,

If it is assumed that [¢) = ¢ (0) and [¢) =1 |0),

Q) = QYT |0) = (qv" + Q) 0) = g |0) = ¢ v)
QP) =Qu0) = (—qv +9Q) 0) = —q |0) = —q |¢))

It can be seen that @) has eigenvalues of opposite sign for particles and antiparticles. So, @

applied to a particle system measures the total charge

Q=gq (Nw - N@) : (C.8)
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Appendix D

Flavor Symmetries

D.1 Isospin Symmetry SU(2)

Historically, Heisenberg (1932) [50] implemented the idea of considering the proton and neutron

as states of the same particle, the nucleon.

In this way, p= |3 3) andn= |3 — ), orp=(1 0)" and n = (0 1)” in an isospin space
with the usual SU(2) transformations in which strong force is conserved. If we put them

together to form a composite particle, we have to add their spins.

In the same foot, if we consider another isodoublet (u d)” or anti-isodoublet (—d @)!",
withu=|11), d=|3 — 1), u=|} —3})and d=— |} 1). From the Clebsch-Gordan table, we
get composite representations constituted by an isospin-1 triplet (symmetric) and an isospin-0

singlet (antisymmetric).

EDITHRIE
Phl o hesnosspe | MOTEEDE DD
2 2/12 2 3 5
L -DEH=510-Lpo0 t-1=1-3 -3
2 2/12 2 > 5
B-Hl-H=n-
S 00 = H( DI -H-l - D)
(D.1)

(llSee Halzen, F. and Martin, A. D. (1984) Quarks and Leptons, p.42
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D.1. Isospin Symmetry SU(2)

Evidently, the triplet and the singlet shown are gotten from 2® 2 = 3@ 1. In the "up-down"

representation, we obtain the isotriplet of pions (7+ 7° 77)7 and the isosinglet w,

11)=n"=—ud

10) =7 = (ua — dd)/V2

[10) =7 (vt — dd)/ 0.2)
1 —1)=n" =du

00) = w = (uti + dd)/V2

If we want to add one more isodoublet ro form some baryon quartet, we may perform

20202=(301)®2=4@2¢2. Again, from C-G table:

[
~
I
[ ][V
— NW

W

)
13- = HEDVEED
103s = EBD-H1EY
103 -5 = B -DHl oD

—
I
—_
~
N|—=
N
~—
S
W
[\SI[98)
I
=
~—
I
=
N
|
N|—=
~—

=D -3 = [5-3)
00} |5 3) = |33

=)
=]
R
[ NI
|
D=
~—
I
D=
|
=
~

[2IThis combination also get p°.
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Chapter D. Flavor Symmetries

Solving, we have one quartet and two doublets:

330 = hEalalk)
320 = HlEoEdbE -D+hE0E -DEd+kE -2 0ED)
3 -2 = Bk -2k -9+h -2kl -0+ -9k -9 2)
3-2 = -2 -9 -3
22) = Wikl -o-Fhalk -DkEa+E -kl )
-9 = HFUHE-DE-D+B-DEDE-D- BB -HB-HED
D = FUHBE-HEH-B-DEDED)
-2 = Bk - -2-1E-2EnE -
(D.3)
In the "up-down" representation for the quartet, we obtain the A-baryon quartet
33N At
‘2 2>_A uuu
3 1> 1
’ = AT = — (uud + udu + duu)
22
- — 0—7
’2 2>—A —\/g(udd—i-dud—i—ddu)
‘3 —3>:A:ddd
2 2
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Appendix E

Electric charge and gauge coupling

constants

E.1 Standard Model 321 symmetry

In SM, gauge coupling constants are related with electric charge since the SSM SU(2), @ U(1)y

turn into U(1) including their respective coupling constants.

One way to achieve this is comparing the coefficients of known interactions with their

|

QED counterparts where the electric charge appears everywhere.

When the derivatives of Higgs sector are developed with Y (®) = +1 and (®), = (

=

taking into account the neutral field interactions only,

w1t ) . i 0j - Y " f . 0j . Y
[D*®]' [D,®] = || 0" +igL W ?—I—zgyiB ) Gu—i—szWW-?—&—zgy?Bu o

_ % (W;‘%fD)T (Wuj%(b) n gL49Y [(W;LUQJ‘)T (B,®) + (B®)T (Wj“‘;j)}

2

+ 4 (Br9) (B,9) (E.1)
2,2

=... LLgv (W’LH—WM_ + W?/)LWS;L) -

2,2 2 2 — W-
_ grv pr— o U " gt gLgy 3p
B G (1F B”)( o]

—9JL9y 912/ I

grgyv? grLgyv? gy v?

B*Ws, —

WEB, + 22— B'B,
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Chapter E. Electric charge and gauge coupling constants

On the penultimate line the vev of ® was applied and in the last line the central matrix
must be diagonal in order to get the mass terms for W} and B*. This means that these gauge
bosons are not physical ones.

The mass for charged W boson is My = % and for the neutral ones, the symmetric

cosby —sinfy
matrix can be diagonalized by an orthogonal matrix , where 0y is called
sinfy  cosOy

weak mixing or Weinberg angle. The resulting mass eigenvectors are

W. Z W3, cos by — B, sin 6
e D S e (E.2)
B, A, Ws,, sin Oy + B, cos Oy
with tan fy = %' The corresponding mass eigenvalues are
v
Mz = 51/ 91 + 9% Ma =0 (E.3)

For the charged gauge bosons, let us take into account only the W, and W, interactions
in (E.1),
" g2 o; \T O g%v2
[Dra) (D) = ... L (W]H?J@ (WW 3J<I>) = (E.4)

In this case, the mass term has been obtained directly and My = %*. Then the W/Z mass

ratio is
MY%V 9% 2
_w _ = cos” Oy . (E.5)
M g3 +9%

In order to get the electric charge, we may find the QED interaction term between the left
electromagnetic current for electrons and photon e(e;y"er)A,. The left-handed doublet has
Y (L) = —1 and the right-handed singlet Y (R) = —2 for R = e in the leptonic sector,

i [LPL, + RiPR)] =i [Zw (aﬂ n igLWM-% - i%YB#) L+ epy" (aﬂ n z‘gLWM% - igyB#) eR}

=... %éL’y“eLW;),M + %éL’y“eLBu + %ERW“BRBH
_ 9L _u : gy _ 4 :
=... ?eLv er, (cosOw Z, +sinfwA,) + 7@7 er, (—sinbwZ, + cosbw A,)

=... (% sin Oy + ‘%/ cos 9) ery'erA,.

(E.6)

The coefficient in the last line is the electric charge e = 4 sin fy 4+ % cos fyy. Since tan fy = g—‘z,
then

e = gy cos Oy = g, sin Oy . (E.7)
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E.2. Extension: 331 symmetry

From the last relation,

1 1 1
V Iy T 91 € 91 9y

E.2 Extension: 331 symmetry

As in the SM we can write the covariant derivative for triplets,

Wap+ S=We Wiy —iWa,  Way, — i3,

i
Du®; = 0,®, + LL | W, 1w,

5 Wy + JsWey Weu — iWry, | ®i+ignBuNe, @i, (E.9)

W4M + iW5M W(;,J + Z.VV7'u —%Wgu

where ¢, = 7, &3 = p, P35 = x; and hypercharges Ny, are defined in
The eigenstates for the charged (complex) vector bosons are,

1 . 1 . 1
WJ - ﬁ Wiy —iWa,), V;j = —= (Wi +iWs,), Ut =—

NG G (Weu + iWr,) . (E.10)
Then, the vector boson matrix is
Wiy | Wey o+ v,
2 2v/3 V2 V2

W, = W, _Way | Wsw U -
Wa = V2 2 T2/3 V2

Vi Utt W,

V2 V2 V3

T
Let us build up the vector boson mass matrix. For n ~ (31,0) and (), = (vn 0 0) ,

(D) (D] = [(9" + igs, W T;) U]T (O +ig3L Wy Tj) m]

;
=...95, (WJ”T]'U) (Wi Tjm)

2 .2 i i 2 .2
EYAY Wg WS WS Wg g3 v _ _
) 0 (W;WP,# + Wfi\/g + 7\/3 Ws,, + 7\/3 7\/5 + 5 1 (W”JFW# + VH Vj)
1
g2, 02 ! V3 0 Wap g2, v2
3L . 3L - _
= ...+ T” (W?’f Wéi B ) % % 0 We, | + Tn (W”*W# + VH Vj) .

0 0 0 B,

(E.11)



Chapter E. Electric charge and gauge coupling constants

T
For p ~ (31,+1) and (p), = (0 U, 0) ,

(D# o]t [Dyup] = [(0" + igst WHTy + ign B*) p]' (8, + igs Wy Ty + ign B) pl

- gar, (W) Ti0) ' (WoiTip) + 95198 [(VVj“ij)T (Bup) + (Bp)' (WujTjP)} + g% (B"p)" (Bpp)

2 .2 w w 2 .2
93LY p pWeu Wy Wy W8u> 93LYp +11— ++yr——
=...—= | WiW;3, — W' ——— — + — =L (WHrHW_ +U+TU
i (- T ) B (v v
v? WH W 2
g?’w% (—W;Bu o By B W Bﬂ\%‘) + Iz (B B,)
1 —L -2
V3 W?)L
_ g?%L’Ul% W 3 m 1 2t l ggng WHtW = + UFT T~
—T WS WS B —% \/§ W&u +T( N+ 12 )7

9t 442 B,

S

(E.12)

where t = 24X,
gsL

T
For x ~ (31, ~1) and ()= (v 0 0) .

(DX [Dux] = [(9" + igs, WHIT; — ign B*) X]T [(On +igsL Wy Tj — ign By) X]
= . g3, WET) " (W Tix) — gseon [(WJ”TJ'X)T (Bx) + (B"p)! (Wmzj)] + 9% (B*)" (B,.x)

4% Wy 93LgNV 1% Ws ganv
2 2 8 M X 8 m Iz N¥x m
=...031 + —=B, + B +—= (B*B
X (\/3 \/g) 2 \/g \/g 2 ( )

ggL”2
X +1/— +trr——
+T(V“ vV, +U"Tu, )

g R AR
_ X X (yHty— e
= CEEX (wowr oBe) o4 |, | R (VY ).
At 2 B
0 N 4t jZ

(E.13)
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E.2. Extension: 331 symmetry

U1 0 O
For the sextet S ~ (61,0) and (S), = % 0 0 vl
0 (%) 2

Te (D)1 (DuS)| = T (0,8 + igsr (WITyS + SWET))]' [0, + igas (WI'TS + SWI'T;)]

= g [(WT38) (W TyS) + (W Ty8) (SWyTy) + (SWIT) (Wi TyS) + (SWETy) (SWTy)|
2 " B p

- ...gijTL@vf 02) <”\}W3“ + M\/ﬁ VI\/[ WEWs,, +W;M\})

+ *‘%L [(03 +02) (WHEWT + VETVT) 4+ 20207 UL 4 2vp0, (WHTVT 4+ VAP

93 (20F + v3)

=GB (e owy Be) | &L o | W
0 0 o) \Bu

v} +v3 2u19 0 W,

+%(W“+ vir Uet) | oo i 0 || vr

0 0 22) \Uui™

(E.14)

Let us notice that in order to avoid mixing among the charged bosons, we may consider v; = 0.
Moreover, this value is related with Majorana mass terms for neutrinos. In this way, the mass

matrix of the charged bosons M¢, in the base <W# v, Uu) is

vfﬁ—v%—&—v% 0 0
M2:g‘37L 0 vf]JrviJrU% 0 5 (E.15)
0 0 v2 4 02 + 203

Then, masses of the charged bosons are

2
MZ, = g;L (’U Jrv +v3), M= g?’TL (1)72] +v>2( +v3), ME= g‘;L (11 Jrv +203) . (E.16)

The mass matrix of neutral bosons in the base (W3 u Wsy Bu) is

, v+ v2 + 03 %(U% —v2 4 v3) —2tv?
2 _ 931
My = EY %(vf]—vfﬁ-v%) F(0E 402 4+ 402 4 03) %(vfﬁ—%i) . (E.17)
—2tv? 2 (07 + 20%) 42 (v2 + v3)
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Chapter E. Electric charge and gauge coupling constants

The mass eigenvalues are,

My =0,
2
M2 = L [vf] + (1432002 + (14 362)0% 4+ vf — \/E} :

S
\NJ
|
fpecd
:

[vf] +(1+ 302 + (1+ 320l + 03 + \/Z] ,

where,

(E.18)

A = vy + (14 3t%)%0; + (18t* — 1)v202 + (14 3t%)%vy — (14 6t%) (v} + v3) (v2 + v2) + v3(v3 + 207).

Now, it can be state that v, > v, , . to define the V' and U masses very large. Then using

Vitz=14 3 for |z| <1,

2 2. .2
\/szf((1+3t2)\/1+[18t4_1} v, _[ 1+ 6t2 }(1;7,4-@2)

(1+32)2] v2  [(1+3t2)?2 v2
184 — 1\ va (146t vp +v3
~ (L4322 4 (D) % (100 by e
X 1+ 3¢t2 2 1+ 3¢t2 2
Then, neutral bosons have the following masses
2931

3L [ 1+4t?
My =0, Mﬁz%ﬂ(ligtz (1+36%) 2.

5 ) (vi —l—vi +03), M2, ~

The W/Z mass ratio compared with (1.35) allows us to obtain the ¢t = 53—’\; value.

M3, 1432 2
ME T Trae o
then the value of ¢ is known,
2 sin? Oy

1 —4sin? 0y

(E.19)

(E.20)

(E.21)

(E.22)

Let us go back to the matrix analysis in (E.17) with the same assumptions v, > v, ,2. The

eigenvectors are
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E.2. Extension: 331 symmetry

VA == —\/gt )
20,22, 2 2 22 22 4, 2 2 2,2, .2y, .22 522 4, .22 4, 22 4
3t (v, v, 40, vy FV, v FU3v, —v, +U5v5 )V A(v v, g ) v vl — 2050, —v, +, 05—V, HU3 UL — Vs
29242 204 _ /A2 — 0202 4+t —p202
2t(3t vp'uXJrSt vy AUP vZvi+up vzvx)
2,202 1 2,2 2,2, 2.2, 4, 2 2 2,2, .2y 2 2 2,2 4,22, 4 2.2 4
Vg = | 3t (vyv,+vv5 +3v,05 +v3v, 40,0505 )+ VA (v —v,+v3) —vj vl —205v; —vy +vvl v, —v5v5 — v, ,
29242 204 _\/Av2 — 0202 4+t —p202
2\/§t(3t 'up'UXJr?)t vy AUP vZvE +ug ’U2’UX)

22 2, 2 2, 2.2, 22 4, 2 2 2, 2, 2 2 2 2.2, 4 292, 4 2.2 4
—3t (vnvp+vnvx+vpvx+v2vp7vp+v2vx)+\/A(vn+vp+v2)7vnvx+2v27jn+vn7vp7jx+vp7v2vx+v2
24202 204 1/ Av2 —v2 02 4_22)
2t(3t vovy 3120, +V AV —vR vl v, —vi vy,

0420022 2.2 0 2.2 2 2, 4, 2 2 2 2, 2 2 2 2.2, 4 2.2 4, 2 2, 4
VZ’ — _73t (vnvp+vnvx+3vpvx+v2'up+vp+v2vX)Jr\/A(vn7'up+v2)+vnvx+2v2'un+vn7vp'uvap+v2vx+v2
2,242 204 1 /A2 — 0202 Lot — 0202
2\/§t(3t 1)PUX+3t 1)p+ Avp Unvx+vp 1121)X)
1

Now, the approximation for v/A computed in (E.19) can be used as well as a simple

normalization,

t vV 1 + 3t2 0
1 1 1
‘/‘ — ‘/ ~ \/gt2 ‘/ ,
AT + 412 Ve, Ve V1 + 42 E=Tel L (E.23)

1 ot 3t
V1+3t2 f

So, the mass eigenstates for the neutral vector bosons are

Al = ﬁ (Wi = V3w )+ B

1 V32
Ih e ——— [ V1432 W + —— W¥#
V1 42 Vit ae B
. 1
Z“ ~ m (WSH + \/gtBu>

t
“
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Chapter E. Electric charge and gauge coupling constants

Solving for the gauge bosons:

1
~ 2
Wa m e (A,Lt+Z#\/1+3t>

1 3+ 012 , [ 3 ,
Wys, ~ —— 7.t A
S T+ 32 Tae T4t Trge T4 (E.25)

(
1 ( 1 3+12t2>

B,~—u | A, —Z,t AR TV i
B Traz \ 0 1132 T2\ T1ae

— Ayt

As in the SM case, we want to get the electromagnetic current from the breakdown of the

leptonic sector,

i [LipLi] =i [Ly" (O, + igaL Wy Ty) L]

93L _

Wg
=...— == B - —r
2€L’7( 3p+\/§)@L+
g (_ At At N )€L+ (E.26)
T A ArE

A#€L+....

t
.o+ e | ——
gsLerL?y ( 1—|—4t2>

If we define ¢ = tan 6§, then the relation between electric charge and couplings are

E_QSL(\/ t)— Forind_ _ _gu ool (E.27)
1+ 42 V1+3sin20 /14 3sin20

From the last equation,

1 4 1
e—INGL__ |- _ > (E.28)

Vi t4k | € 9L 9%

E.3 Extension: 221-LR symmetry

Using the same logic as the previous cases, in this symmetry the covariant derivative for scalar
triplets are

D,Apr=0,ALR+1g {Wu L.R AL,R] +1i9BLAL R, (E.29)

where it has been used g;, = gr = g and the hypercharge B — L = +2 which was defined in the

Lagrangian due to the lepton couplings.

The eigenstates for the charged (complex) vector bosons are W“iL R= [% (W, F z’WQM)} LR
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E.3. Extension: 221-LR symmetry

and the vector boson matrix is
w+

WB# M
WirLr= w- \é/;
Kk oK
V2 2 /LR

The vector boson mass matrices are built from

Tr (D) (D*AL)| + T [(DuAR) (D AR)]

with the vev’s defined as [43]

(App) 1 0 0 d (@) 1 [k O (E.30)
L.R)g = — /= , an -~ .
0 \@ UL,R 0 ’ ﬁ 0 K’
oy Va VV/jr 0
For A,, a = L, R the commutator {WM, Aa} = — , then
2 \—Zwy, —-wi
V2 '3k iz
__ t __
Tr [(DﬂAa)T (DMAG)] =...Tr { (@LAQ +ig [Wﬂ, Aa} + z‘gBﬂAa) (ama + ig [Wu, Aa} + igBNAa)}
2”3 - + " ggBng m Q%ng
=5 (W W 4+ Wi, Wi, ) — 5 (WaauB" + B, W) + =5 B.B"
29°v7 0 —399800% | (Wi,
=... (WsuL Wa,r Bu) 0 397V —399BLV, Wik
~3998107  —399prvh 39BL (0 +0R)) \ P
29 0 W
* (WJL W%:R) 1,22 j—
0 29 VR I/I/II,R
(E.31)
The covariant derivative for the bidoublet is
(E.32)

D, = 0y + ig (Wwb - @WMR) ,
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Chapter E. Electric charge and gauge coupling constants

then

Tr [(Dﬂcp)T (Dﬂcp)} = (9,0)" (9"®) +

/ /
o] (55 We = Waum) W 8w\ (v - whny g g
/! _ _ ’ — ./ —
5 W/,LL o gWﬂR _2%(WS#L — Waur) gwf - %ng Qf(WfL W;R)

k2 k2 _ _
= ...g |: (WQ,#LWSL W3#LW;R_W3NRW§LL+W3#RW;R)+ZW:LWE - TWJLWg

kK K2 Kk Kk
TWIRWET + W Wi — W Wi = =W Wit 2 W WA
k/2
+ g (Waus Wap, = Waut Wiy = WaurWsp + WaurWsk)

%gQ(kz—i—k'Q) —%gz(k2+kl2) 0 W;L

= (War Waun Bu) | —Le22 k7)) 1224+ k2) 0| | Wiy

0 0 o \ B
L2+ K2 LRk +
1 2 W
+ (WJL W/:R) 1.0 g% (1.2 2 li
—Lkk - (k* + k) Wir
(E.33)
The mass matrix of charged vector bosons in the base (W/L_L Wu_R) is
202 + kK + k"2 —2kk'
Mz =9 7" , (E.34)
4 —2kK/ 20% + k2 + k2
and the eigenvalues are
M?2, = _ <k2+k’2+v2 + 0% F \/(v2 —v2)2+4k2k/2> (E.35)
2= 7 L T VR r VL : :

These eigenvalues are related with the mass eigenstates. Assuming vg > k, k" > v, and

k3 =k + k2

2 [ 2 4 k2k'2
Mr%vlzgz ki+v%<1+z§> \/1—2%+5L+4 - 1
R VR R R
2 [ L2k/2
~L k2—|—vR—vRHl+4 ]
4 vi
- 232 (E.36)
[ kK’
zgz ki+v%—v%(1+2 7 )]
L YR

Q

2 21./2
9 2 k=K
4’“+<1‘2 2k2>
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E.3. Extension: 221-LR symmetry

2 V2 02 vt k22
M‘%VQZQZ ki—i—v%(l—i—vé)—l—?}% 1—2U—§+77f+4 !
R R R R
2 k2k'2
zgz KL+ of vk [1 47 ]
R
E.37
g2 k2 k2 le ( )
%*’U}%ﬁ |:2+;r+222:|
4 vE VR Vg

Q

2 2
g 2 k5
I 14+ -+
2'UR< + 21}%)

The mass matrix for neutral bosons in the base (W3 ul Wsur Bu) is

1M+ k) —1%kt —ggprvl
2
My = _igzki %gQ(UEki) —QQBLU%% (E.38)
—g9pLv? —99BLv: 95 (V] + V),

where k3 = k% + k2.

The mass eigenvalues in the v;, — 0 limit for Z; and Z, (for A is exact) is

.59

T
Mg, =1 |9°F; + 20R(9” + 95r) — okl + 40k (g? + g% )? - 4k-2+U12392923L]
1 2,2 2, 2 2 2/ 2 2 94]{3— 929123Lk-2-
=~ |g°k3 +2v%(9° + 9B1) — 2vR(9™ +9BL)y /1 + -
i TSR LA TSR
L5, 2/ 2 2 2/ 2 2 929123Lk%r 96k1<92+29123L)
~ = gkt +20R(9° +951) — 2vR(9° +95.) [ 1 —
3|70 TR ) 2R ) \ U g e T Sl (7 )
_1 _ng:Q 4 205(g% + g3p) ( 99kt B 9°ki (9% + 29%3L)>:|
4177 f PEI\ 203 (92 +93.)2  8vh(g?+93h.)?
r 2 412 (2 2 (E.40)
_1 k2 4 k2 g2 ( 9. 9'kilg +2gBL)>:|
A7 T N ghr Avg(e? +ghL)
_ 9’k [9° +29%, _ 9'k% o> + 293
4 L g®+9i, Mg (9P +9E)°
_ 9k (92+292BL> {1_’€3< g* )]
4\ P+d3 w3 \ (9> + 9%.)°
_ g°k3 B k%
4cos26 4v%, cos*Opr ) |
where the phases 6 and 65 are defined as
sinf = ——I5L and sinfp, = ——28L (E.41)

NCET N
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Chapter E. Electric charge and gauge coupling constants

The third mass eigenvalue is:

T
M3 = 1 Gk +20%(9° + g5) + \/g4ki +4vh(9> + 9%.)% — 4]‘31”?39291234
1 2,2 2/ 2 2 2/ 2 2 94]‘;1 929123Lk3
= — | %k + 20%(g* + +2v% (g + 1+ -
1 _9 + R(g QBL) R(g gBL) 4?);1{(924-9]25%)2 v%(kiv%)Q
1[5, 2/ 2 2 ) 2 929129Lk3 96]@1(92"‘291251)
~— gkl +2vR(9" +g +2v%(9° +g 1-—
1| T =( BL) r( BL) QUIQ%(g2+g]23L>2 8v§3(92+g]23L)4 E40
1T 2,2 12 614 (g2 4 202 (E.42)
=~ |g?K2 + 203 (g% + g2 )<2_ 9 9BLR 9°k3 (g gBL))]
47T o 20%(9% +95.)°  Bu(e® +gkr)
17 g2
P 4,02 92 +92 +92k2 (1 _ BL >:|
1| r( BL) T 792“‘912%
k2 costOp;,
=|vi(9® + 9B1) [1+ Jw}
)

The mass eigenstates must include those of the SM, en this sense we may relate W; — W
and Z; — Z. Also, we obtained new vector bosons that may be associated to very large masses

in comparison to SM ones, Wy, — Wgr and Z, — Z’.

Then the mass ratio for the known SM vector bosons, equating (E.5) with (E.36) and
(E.40),

2 2 9°k
My s g R 77

2
M% = 92_'_9% T = cos” 0. (E.43)
4 cos? 0
Then cos? 8y = cos? §, that is
2 2 2 1 1 1
g _ 9 t+49pr LIS (E.44)

= = + .
9+ 9°+2%, 9 ¢ ghL

Finally, from (E.8),

+ 5 (E.45)
9BL
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Appendix F

Covariant derivative in SU(N)

All things we are going to show are based on the requirement that the covariant derivative

must transform like the field it acts to.
¢~ =U%=D,P— (DMI))' =UD,®, (F.1)

where U is the matrix transformation (or scalar in the Abelian case) for the corresponding Lie

group.

F.1 Abelian case

¢/ :eigé)(ac)(b
4 (F.2)
(Dug)' =€) D0,
where 6(z) is a real function. It is easy to show that the requirement is achieved with:
D¢ =0,¢ +igA,¢, and A), = A, — 9,0(x), (F.3)
being A, its corresponding gauge field.
In the infinitesimal version, for small § — §6 then ¢ — (1 + igdf)o,
d¢ =igpdl, 6D, ¢ =igD,¢d0, 6A, = —0,(80). (F.4)
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Chapter F. Covariant derivative in SU(N)

On the other hand, the antisymmetric electromagnetic field tensor F,, = 0,4, — 0,4, is
gauge invariant,

§F,, = 0,(6A,) — 8,(A,,) = —0,0,(50) + 8,0,(50) = 0.

The latter means that F,, v — (F,,%)" = U(F,,¢) and the Kinetic term of the Lagrangian

for gauge bosons, —1F,, F*, that contains a quadratic term in 9,4,, is gauge invariant.

Besides, [D,,, D,]i = [0, + igA,, 0, +igA,JY = ig ([0, Au] + [An, 00]) ¥ = igF,, 0. then,

i

F,, = P [D,,D,], (F.5)

F.2 Non-Abelian case

F.2.1 Gauge transformation of fields in matrix representation

In the non-Abelian case, the transformations depend upon the representations; if the field has
a column representation: ® — & = U®, or if it is row: &' — &1 = &TUT. Besides, there some

gauge invariants such as g¢,, — ¢, and the scalar

(01d) — (of0) = o'e. (F.6)

For square matrices 1 5 that are coupled with fields in different ways,

(@tMy@) = @IUTM{U® = M{=UMU" and M{* = U*M;U”,

(F.7)
(®TMy®) = STUTMHUS = My =U*MU' and My = UMzUT.
F.2.2 Properties of the gauge covariant derivative
From the requirement raised at the beginning (D,®)' = D) ®' = D (U®) — UD,®. Then
D, =UD,U"| (F.8)

In general, gauge covariant derivatives are defined to satisfy the Leibniz rule (the product
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F.2. Non-Abelian case

rule) and to reduce to the ordinary partial derivative when applied to an invariant scalar object.
Dy, (\IIT(I)) = (Du\w) ® + \IJTDM(I) = (\IJT(I))
D, (®'V) = (D,®") ¥+ &'D, ¥ =9, (¢77),
then wf (D,glﬁ)T + (D) ® = ¥ (D,®) + (D, ¥")®. In other words,
(D) = D,® or (D,®)! = D, (F.9)

and the same relation with .

The conjugate transpose commutes with the gauge covariant derivative. If F(¥) = ¥f =

[F,D,] =0.

F.2.3 Construction of the gauge covariant derivative

Ansatz: D, = 10,+igA,: being A, — square matrix of the same dimension as the transformation

matrix U. Since the transformation is D/, = 18, + igA), = U (19, + igA,) U', then

AL = é(auU)UT +UA,U (F.10)

Property: If there exists a field B, that commutes with U, then (4, + B,) = i(9,U)U" +
U(A, + B,)U' = A}, which means that B, is a gauge invariant, B, — B/, = B,..

Also, we can clear the form of the covariant derivative for transpose conjugates D, ¥ from

the requirement

0,(Wtd) = D,(V1e) = (9,9Md+V(9,8) = (D,¥Hd+V(D,d)
= (D,UN)® + VT (9, +igA,®)
= (D, ¥ = (8,¥Hd —igUtA,d,

with which we obtain the covariant derivative for the fields ¥':

DU =09,0" —ig¥t4, or D,U" =09,97 +iguTAT| (F.11)

In order to be in accordance with (F.9),
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Chapter F. Covariant derivative in SU(N)

(DY) = Dt = (0,V +igA, V)t =0,0" —igWia,

" (F.12)
=|A], =A,|

Now, let be M; = ®¥ and M, = ®¥” square matrices (outer product), with ' = U® and
U’ = VU, the transformations may be written down as M| — UM,V and M} — UM,VT. Then,

D, (VT = (9, +igA} ) U + & (0,07 —igWTAY) = 0,(PUT) +ig (A DU — dUTAY),

Dy (@U7") = (0,® +igA]®) U + & (9, V" +igUT A%Y) = 9,(@V7T) + i{A] 2" + WALV},

then,

DMy = 0, My +ig (A My — My A)) | and | DMy = 8, My + ig{ A My + M A3V} | (F.13)

Furthermore, if M; = ®®' then it is a Hermitian matrix that transforms as UM;Ut. In
the same way, if My = VU7 then it is a symmetric matrix and transformas as UM,U”. Both

multiplets have their covariant derivatives as

DyMy =9, My +ig[A, M|  and D, My =8, M, + ig{A,M> + MyA’}. (F.14)
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